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Abstract 


We present a general framework of Griffiths inequalities for quantum systems. 

Our approach is based on operator inequalities associated with self-dual cones 
and provides a consistent viewpoint of the Griffiths inequality. As examples, we 
discuss the quantum Ising model, quantum rotor model, Bose-Hubbard model, 
and Hubbard model. We present a model-independent structure that governs the 
correlation inequalities. 

1 Introduction 

Ever since its formulation by Lenz [29], the Ising model has been the most fundamental 
model to illustrate the phenomenon of phase transitions. Let A be a finite subset of 
r L d . The system’s Hamiltonian is given by the function 



x,y€ A 


for each a = {a x } x& A € {—1,+1} A . J xy is a non-negative coupling constant. The 
expectation value of the function / : {—1, +1} A —> R is 



<re{-i,+i} A 


where Zp is the normalization constant Zp = 5Zo-e{-i+i} Ae In [23], Griffiths 

discovered the following famous inequalitie^]: 


• First Griffiths inequality: 


Wa)p > 0 


(1.3) 


for each A C A, where a a = n xGA Te- 
• Second Griffiths inequality: 


(o‘a<7b)/3 > {va)p(vb)& 

for each A,B C A. 


(1.4) 


lr lb be precise, this general formulation was established by Kelly and Sherman 1321 . 
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Since Griffiths’ discovery, a large number of rigorous studies on the Ising ferromagnets 
has been successfully undertaken by applying his inequalities. The fact that Griffiths 
inequalities are so useful indicates that they express the essence of correlations in the 
Ising system. Therefore, it is natural to ask whether similar inequalities hold true for 
other models. Studying this problem means trying to seek a model-independent or 
universal property of the notion of correlations. Griffiths inequalities already hold true 
for some classical models, e.g., the plane rotor model. This suggests that our problem is 
certainly meaningful. Ginibre took the first important step toward providing a general 
framework for Griffiths inequalities [20]. However, we know of only a few concrete 
examples of quantum (i.e., nonconmrutative) models that satisfy Griffiths inequalities 
0 Dm ns isni E2] • Our goals here are as follows: 

(a) To present a general method for constructing Griffiths inequalities for classical 
and quantum systems. 

(b) According to (a), to highlight a universal property of correlations. 

To this end, we advance the technique of operator inequalities associated with self-dual 
cones. 

We already know that the quantum Ising and rotor models satisfy Griffiths in¬ 
equalities. Thus, these two models can be regarded as role models for our purpose. 
A standard approach to proving the Griffiths inequality for these systems is to reduce 
the d-dimensional quantum systems to the corresponding d + 1-dimensional classical 
systems using the Trotter-Kato product formula Efl El EBBS]. However, since known 
proofs of the quantum Griffiths inequalities rely on the results of classical systems, it is 
difficult to extend these proofs to quantum models that cannot be reduced to classical 
ones. Considering this situation, we take the following steps: 

(i) We prove the Griffiths inequality for the quantum Ising and rotor models using a 
method of operator inequalities and understand common mathematical structures 
underlying both models. 

(ii) We seek similar structures in other models from our viewpoint of operator in¬ 
equalities and construct the Griffiths inequality by analogy. 

By carrying out these steps, we construct quantum Griffiths inequalities for the Bose- 
Hubbard and Hubbard models. We note that the proposed method can be applied 
to many other models, e.g., the Su-Schrieffer Heeger (SSH) model, Holstein-Hubbard 
model, and Frohlich modeo. Although we present a few concrete applications of our 
results here, we expect these inequalities to play important roles in statistical physics 
just as the original Griffiths inequalities did for the Ising system. We also remark that 
some of results in this paper can be proved by probabilisitc approaches, e.g., random 
walk representations. However, we believe that the proposed method can be applicable 
to a wider class of quantum models and clarify new aspects of the quantum Griffiths 
inequality. Finally, we emphasize the following: from the viewpoint of operator inequal¬ 
ities, we can find a common mathematical structure from among the several models 
mentioned above. This universal structure enables us to construct the Griffiths inequal¬ 
ity for each model. From this fact, we expect to obtain a model-independent or general 

2 The problem of the quantum Heisenberg model is still open. 
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expression of the notion of correlation from our viewpoint, see Section [8] for details. 


This paper is organized as follows. In Section [2], we introduce a useful operator 
inequality induced by self-dual cones. Using this, we develop a general theory of the 
Griffiths inequality for quantum systems. In the following sections, we will demonstrate 
how our operator inequalities are effective for the study of correlation functions for 
quantum models. 

In Section [3] we reformulate reflection positivity from the viewpoint of our operator 
inequalities. We then describe how we construct the Griffiths inequality using reflection 
positivity. This construction and the one in Section [2] are complementary to each other. 

In Sections 2] and 0 we discuss the quantum Ising and rotor models, respectively. 
These sections provide not only something of a warm-up but also important clues for 
finding a common structure underlying the Griffiths inequality. Readers can learn how 
to use the operator inequalities through these sections as well. 

Sections [6] and [7] are devoted to advanced applications of the abstract theory estab¬ 
lished in Sections [2] and [3l We construct the Griffiths inequality for the Bose-Hubbard 
model (Section [6]), and Hubbard model (Sectior[7|). We emphasize that our construc¬ 
tions are natural modifications and extensions of the methods discussed in Sections [4] 
and[5j 

In Section [51 we present concluding remarks. In Appendix [A] we collect useful 
propositions concerning our operator inequalities. These propositions will be used 
repeatedly in this study. 

Acknowledgements: This work was supported by KAKENHI(20554421). I would 
be grateful to the anonymous referee for useful comments. 

2 General theory 

2.1 First inequality 

Let (f), (•[■)) be a complex Hilbert space and <p be a convex cone in Sj. The dual cone 
<pt of *p is defined as 

^ = {x € Sj | (x\y) > 0 Vy £ <p}. (2.1) 

We say that ip is self-dual if 

*P = *P t . (2.2) 

Henceforth, we always assume that ip is self-dual. Each element x in ip is called positive 
w.r.t. ip and written as x > 0 w.r.t. ip. 

Definition 2.1 Let BS{Sf) be the set of all bounded linear operators on Sj. Let A £ 
If Ax > 0 w.r.t. ip for all x € ip, then we say that A preserves the positivity 
w.r.t. ip and writcjf] 


A > 0 w.r.t. ip. 

3 This symbol was introduced by Miura [L3] . Bratteli, Kishimoto and Robinson studied the commu¬ 
tative cases in Eng. 
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Note that 


A > 0 w.r.t. ip =>- (x\Ay) > 0 Vx,?/eip. 0 (2.3) 

The following proposition is often useful. 

Proposition 2.2 [32] We have the following: 

(i) If A > 0, B > 0 w.r.t. ip and a > 0, f3 > 0, then atA + (3B > 0 w.r.t. ip. 

(ii) If A > 0 and B > 0 w.r.t. ip, then AH t> 0 w.r.t. ip. 

Our first setting is as follows. 

(A) There exists a complete orthonormal system (CONS) {e n } ne N of fj such that 
e n € ip for all n € N. 

The system’s Hamiltonian is denoted by H. H is self-adjoint and bounded from 
below. To state the first quantum (i.e., noncommutative) Griffiths inequality, we need 
the following conditions: 

(H. 1) e~P H > 0 w.r.t. ip for all j3 > 0. 

For each A € 38 (Sj), the thermal expectation value of A is defined as 

(A)f, = TV [A e~P H ] jZp, Zp = Tr[e ~^ H ]. (2.4) 

Remark 2.3 In this section, we always assume that e~^ H is in the trace class for all 

/3 > 0 . 0 

Theorem 12.41 is a prototype of the Griffiths inequality. 

Theorem 2.4 Assume (A) and (H. 1). If A 0 w.T.t. then ^^4^ 0 fov all 

/? > 0. 

Proof. By our assumptions and Proposition 12.21 we have Ae~^ H > 0 w.r.t. ip for all 
j3 > 0. Thus, applying Proposition lA.il we conclude Theorem 12.41 □ 

To discuss the case where /3 = oo, we assume that 
(A’) H has a unique ground state, i.e., dimker(H — E) = 1, where E = inf spec (H). 
Under this condition, we can define the ground state expectation value as 

(-4)oo = {'f’lA'if), A € 38{Sf), (2.5) 

where if is the unique ground state of H such that ||^|| = 1. 

Theorem 2.5 Assume (A’) and (H. 1). If A > 0 w.r.t. ip, then {A)^ > 0. 
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Proof. By Proposition IA.61 we can choose ip as ip > 0 w.r.t. ip. Thus, this theorem 
immediately follows from (12.31) . □ 

Remark 2.6 If we assume that e @ H improves the positivity w.r.t. ip for all (3 > 0, 
then the ground state of H is automatically unique, see 18.41 for details. <0> 

Theorem 12.71 is a generalization of Theorem 12.41 

Theorem 2.7 Assume (A) and. (H. 1). Let A(s) = e sH Ae sH . If Aj t> 0 w.r.t. ip 
for all j = 1,..., n, we then have 

n 

(UMsA >0 ( 2 . 6 ) 

\j =i /p 


for all 0 < si < S2 < ■ ■ • < s n < (3, where J^[ 0 } = 0\0i - ■ ■ O n , the ordered product. 

3 = 1 


Proof. Let S = 


n 1 

L j= 1 


3 im . By our assumptions, we see that 


S = fj~ aiH . Ax e~ (sa ^ l)H -- - A n e- (/3 ~ Sn)H >0 w.r.t. ip. 
L0 >o c>0 L0 


(2.7) 


Thus, by Proposition lA.il we obtain (12.61) . □ 
Theorem 2.8 Assume (A’) and (H. 1). Then 


holds true at (3 = oo. 


2.2 Second inequality 

We consider the extended Hilbert space f) e xt = Sj <S> Sj. Let ip ex t be a self-dual cone in 
I)) <g> $). Instead of (A), we assume the following: 

(B) There exists a CONS {E n } n eN °f ^3ext such that E n € ip ext for all n € N. 

To state Theorem 12.91 the following condition is assumed: 

(H. 2) Let H ex t = iL ® 11 + 11 ® H. Then there exists a unitary operator such that 
q/* e -d H extqs [> q w r .t_ qj ext for all (3 > 0. 

There are several ways to state the second quantum Griffiths inequality. First, we 
give the following formulation. 

Theorem 2.9 Assume (B) and (H. 2). Let A, B,C, D € BS{Sf) and A(s) = e~ sH Ae sH . 
Assume the following: 

(i) fy*A®Cfy\> 0 w.r.t. ip ext . 

(ii) ty*(B <gi D — D (8> B)^ > 0 w.r.t. ip ex t- 
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Then we have 


(A(s)B(t)) fj {C(s)D(t)) fl - (A( 8 )D(t)) p (C(s)B(t)) p > 0 (2.8) 

for all 0 < s < t < /3. In addition, assume (A) and (H. 1). If A > 0, B > 0, C > 0 and 
D t> 0 w.r.t. we obtain 

(A(s)B(t)) p > 0, (C(s)D(t)) p > 0, (A(s)D(t)) p > 0, (C(s)B(t)) fj > 0 (2.9) 

for all 0 < s <t < /3. 

Proof. Let 

((X))/3 = Tr[Xe-^] / Z% (2.10) 

Then we can derive (12.81) from the following: 

(^A(s) ® C(s) ( B(t ) ® D(t) - D(t ) <8> 5(f)) ^ > 0. (2.11) 

But this follows immediately from Proposition IA.1I and the fact that 

^*A{s) <8> C(s) (B{t) ® L>(f) — D(i) <8> -B(f)^ e _/3i?ext ^ 

=q/*e~ sH ^A <8, C'e" (i_s)Hext (B ® D - D ® B)e~^- t)Hext ^/ > 0 (2.12) 

w.r.t. *Pext for all 0 < s < t < (3. 

By (H. 1), it follows that e~ sH Ae~^~ s ^ H Be~^~^ H > 0 w.r.t. *p for all f3 > 0. 
Thus, by Proposition lA.il we obtain that (A(s)B(t))p > 0 for all /3 > 0. □ 


Theorem 2.10 If we replace (A) and (B) by (A’) in Theorem 1 2 . ffl then K2.8\ ) and 
(KB hold true at j3 = oo. 


Proof. Since H has a unique ground state if, H ext has a unique ground state if <8> if as 
well. By (H. 2) and Proposition IA.61 it follows that <J> = fyf*if ® if > 0 w.r.t. *p e xt- 
Thus, by (12.31) . 


(^e~ sHext A <8> Ce _(t_s)Hext (B <8 D - D <8> B) e tHext ^ 

^M<8)C'e" (t_s)Hext (B(8)T>~T>®B)^^_ / ^ > 0, 


(2.13) 


>o 


>o 


>0 


where ((X))^ = (if <8 <8 V’)- This completes the proof. □ 


We introduce the Duhamel two-point function, 


(A 


,B)p = Zj 1 I' 
Jo 


Tr 


Ae - X AH B e -(i-x)3H 


dx, A,Bg &($)). 


(2.14) 
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Corollary 2.11 Assume (B) and (H. 2). Let A, B G Assume the following: 

(i) W*A® > 0 w.r.t. qiext- 

(ii) %*(B 0 1 — 1 0 B)W !> 0 w.r.t. ip e xt- 
XTien we have 


(A%-(%(%> 0, (2.15) 

(A£>0 - > 0. (2.16) 

/n addition, assume (A) and (H. 1). If A [> 0 and B > 0 w.r.t. ip, we obtain 

{A,B) 0 > 0, (A>0>O, <fl)/j>0. (2.17) 

Our second formulation of the second quantum Griffiths inequality is as follows. 

Theorem 2.12 Assume (B) and (H. 2). Let A, B,C,D € B§{Sf) and A(s) = e~ sH Ae sH . 
Assume the following: 

&*(a®C-C®a')&> 0 , ^*(.B 0 Z)-.D 0 £)^PO U7.r.i. qPext- (2-18) 

T/ien we /tare 


(A(s)B(t))/C(s)D(t)) 0 - (.A(s)D(t))/C(s)B(t)) fl > 0 (2.19) 

for all 0 < s < t < (3. In addition, assume (A) and (H. 1). If A > 0, B > 0, C > 0 and 
D > 0 w.r.t. ip, we obtain 

{A(s)B(t)) p > 0, (C(s)D(t)) fi > 0, ( A(s)D(t)) p > 0, (C(s)B(t))^ > 0 (2.20) 

/or all 0 < s < t < /3. 

Proof. Note that we can conclude (|2.19l) from the following: 

^ (a(s) (8) C(s) - C(s) (8) A(s)) [B{t) 0 /7(f) - /7(f) 0 5(f)) ^ > 0. (2.21) 

To show this, we use Proposition [ATT] and the fact that 

(A(s) 0 C(s) - C(s ) 0 A(s)) (£(f) 0 D(t) - D(t ) 0 5(f)) e~P Hext W 
= fy* e -sH ext (A 0 C - C 0 A) (B0D-D0 B)e~^~ t)Hext ^ > 0 (2.22) 

w.r.t. iPext for all 0 < s < t < /3. □ 


Theorem 2.13 //we replace (A) and (B) by (A’) in Theorem \2.12l then \2.19\ ) and 
f 2. 2(A) hold true at (5 = oo. 
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Corollary 2.14 Assume (B) and (H. 2). Let A,B£ Assume the following: 


11- t®A^W >0, ^f*[B <g> 11 - 1 (8) > 0 w.r.t. y ext . (2.23) 

Then we have 

{A(s)B(t)) p - (A) 0 (B) 0 > 0 (2.24) 

for all 0 < s < t < f3. In particular, we have 

{A, B)p — (A)p(B)p > 0, (2.25) 

(AB) P - (A)p(B)p > 0. (2.26) 

In addition, assume (A) and (H. 1). If A [> 0, B > 0 w.r.t. then we obtain 

(A,B)p> 0, {AB)p > 0, <^>0, {B)p > 0. (2.27) 


2.3 Further generalization 
Theorem 12.121 can be generalized as follows. 

Theorem 2.15 Assume (B) and (H. 2). Let Aj,Bj € 3S{Sf), j = 1 ,...,n and 
j4(s) = e~ sH Ae sH . Assume the following: 

9/* ^ Aj (g> Bj + £jBj (g) Aj^j t> 0 w.r.t. *p ex t, j = 1,..., n, (2.28) 

where Sj = 1 or —1. T/ien we hare, /or all 0 < si < S 2 < • • • < s n < /3, 

J2 £ i( T i)h( T i°)h > ( 2 - 29 ) 

7C{l,2,...,n} 

where T c = {1,2,..., n}\/, £/ = n,e/ £ j an d 


Ti — Y\_Tj(sj), Tj(sj) 
3 =1 


Aj(sj) j G / 
Bj(sj) J G I c 


(2.30) 


In addition, assume (A) and (H. 1). If Aj > 0, Bj > 0 w.r.t. ^ for all j = 1,..., n, 
we obtain 


(Ti)p > 0 (2.31) 

for all 0 < si < S 2 < • • • < s n < [3 and I C {1, 2,... , n}. 

Remark 2.16 Let ({-})p be defined by (12.101) . Then we obtain (12.291) from the following: 


| Aj ( Sj ) <S> Bj (sj) + £j Bj (sj)(S> Aj (sj) \\ > 0. 


(2.32) 


i 1=1 


Thus (12.321) can be regarded as a generalization of the second quantum Griffiths in¬ 
equality as well. This expression will be useful in the later sections. <0 
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Theorem 2.17 If we replace (A) and (B) by (A’) in Theorem ] 2. 151 then \2.29\) and 
h2.31\) hold true at (3 = oo. 


Example 1 When n = 2, by (12.291) . we have 

£i£2{AiA2){B 1 B 2 ) + ei{AiB2){B\A2) + e2(BiA 2 )(AiB 2 ) + (BiB 2 )(AiA 2 ) > 0. 

(2.33) 

Here (AiA 2 • • • A n ) is an abbreviation of (Ai(si)A 2 (s 2 ) • • • A n (s n ))^. Thus, if £1 = e 2 = 


— 1, we obtain Theorem 12.121 <0 

Example 2 Consider the case where n = 3 and B\ = B 2 = B% = 11. In this case, 
(12.291) is meaningful only if £i £ 2 £ 3 = 1: 

(AiA 2 A 3 ) + £i(Ai)(A 2 A 3 ) + £ 2 (A 2 )(AiA 3 ) + £ 3 (A 3 )(AiA 2 ) > 0. (2.34) 

Moreover, suppose that assumption (|2.28l) is satisfied for 

(£i,£ 2 ,£ 3 ) = (1,—1,-1), (-1,1,-1), (-1,-1,!), (2.35) 

then we obtain 

(A^M) - (A 1 )(A 2 A 3 ) > 0, (2.36) 

{A x A 2 A z ) - (A 2 )(A 1 A 3 ) > 0, (2.37) 

(A! A 2 A 3 ) - (A 3 ) (A l A 2 ) > 0, (2.38) 

which implies that 

3(AiA 2 A 3 ) — (Ai)(A 2 A 3 ) — (A 2 )(AiA 3 ) — (A 3 )(A]A 2 ) >0. 0 (2.39) 

Example 3 Consider the case where n = 4, £i £ 2 £ 3 £4 = 1, and B\ = B 2 = B 3 = L > 4 = 
1. In this case, (|2.29l) implies that 


(AiA 2 A 3 A 4 ) + £ 3 £4(AiA 2 )(A 3 A 4 ) + £ 2 £ 4 (AiA 3 )(A 2 A 4 ) + £ 2 £ 3 (AiA 4 )(A 2 A 3 ) 
£ 4 (^4iA 2 A 3 )(A 4 ) + £ 3 (AiA 2 A 4 )(A 3 ) + £ 2 (AiA 3 A 4 )(A 2 ) + £i(A 2 A 3 A 4 )(Ai) 

> 0. (2.40) 

Let S = { (£1 ,£ 2 , £ 3 ,£ 4 ) € {± 1} 4 | £i £ 2 £ 3 £ 4 = l}. If assumption (|2.28l) holds true for all 
(£i,£ 2 ,£ 3 ,£ 4 ) € S, we obtain 


3(AiA 2 A 3 A 4 ) — (AiA 2 )(A 3 A 4 ) — (AiA 3 )(A 2 A 4 ) — (AiA 4 )(A 2 A 3 ) >0. 0 (2.41) 

The following theorem offers us a connection between Corollary 12.141 and Theorem 
12.151 ([similar arguments can be found in [20] 1: 

Theorem 2.18 Assume (B) and (H. 2). Let Aj £ ^(fj), j = 1 ,..., n. Assume that 
fy* (A 0 Aj^J > 0, ^*{Aj <g> 11 - 1 <g> A^j 9/ > 0 w.r.t. ip ext (2.42) 
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for all j = 1,..., n. For each I = {ii,..., z^} C {1,..., n}, we set 

k 

A I = \[A ir (2.43) 

i=i 

Then we obtain 


(AiAk)p — ( Ai)p{A K )p > 0 (2.44) 


for all /, K C {1,... , n}. 

Proof. For each e € {±1}, define B ’ = ^(Aj® 1+el® Aj). By (12.421) . we have >0 

w.r.t. ^ext for all j = 1,..., n. Since Aj ® 1 = B i ~' 1 + Bj 1 and 11 ® Aj = B^ +) — Bj~\ 
we see that 


A! ® 1 


i®^=n[4 +) +4 _y 


£=i 

E 

£i,...,e fc e{±l} 


n [< - 


1=1 


< R foO Tj( e k) 

U £l. " n ik ' 


(2.45) 


where C' eij ... j£fc > 0 for all £i,... ,£& € {±1}- Thus, the RHS of (12.451) 00 w.r.t. ip ex t- 
Similarly, A/< ® 11 — H ® A/f O 0 w.r.t. tp ex t- By applying Corollary 12.141 we obtain the 
result. □ 


3 Reflection positivity 

In Section [2] we give a general framework of the Griffiths inequality. In our proofs, 
assumptions (A) and (B) are basic inputs. Unfortunately, these assumptions are not 
satisfied in several models. To overcome this situation, we employ the concept of re¬ 
flection positivity. As we indicated in [32], reflection positivity can be considered an 
operator inequality associated with a special self-dual cone. This viewpoint makes it 
possible to visualize a common mathematical structure among various quantum mod¬ 
els. Reflection positivity originates from axiomatic quantum field theory I5U- Glimm, 
Jaffe, and Spencer first applied reflection positivity to the rigorous study of the phase 
transition [21]. This idea was successfully further developed by Dyson, Frohlich, Israel, 
Lieb, Simon, HU EMU and many others. Lieb also discovered a crucial application 
of reflection positivity to many-electron systems, called the spin reflection positivity 
[38 j. Recently, Jaffe and Pedrocchi studied the topological order by reflection positiv¬ 
ity [301 EI]. 

For each p € N, we denote the trace ideal by J5f p (iJ), which is defined as 

€ #(J5) | Tr[\C\ p ] < oo}. (3.1) 

is called the trace class, while Af 2 (Sj) is called the Hilbert-Schmidt class. Jf 2 (Sj) 
becomes a Hilbert space if we define the inner product as (rj\f,) = Tr[? 7 *£] for all 
€ A£ 2 [9f). 
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Definition 3.1 (Bounded operators) Let A € 38(3}). 

(i) The left multiplication operator C(A) is defined as £(A)£ = Af for all £ € 2 z? 2 (f}). 

(ii) The right multiplication operator 71(A) is defined as 1Z(A)£ = £A for all £ S 

0 

Remark 3.2 (i) C(A),'R,(A) € 38(33 2 ($})), the set of all bounded operators on 

3? 2 (3>). 

(ii) C(A)C(B) = C(AB). 

(hi) n(A)K(B) = 1Z(BA). 0 

Let 3 be an antilinear involution on Sj. Let be an isometric isomorphism from 
Jz? 2 (fj) onto Jo <g) S) dehned by 

$#(\x)(y\) = x ® &y Vx,y€.S}- (3.2) 

We have the relations 

C(A) = Q^A® Md, 7i(3A*3) = ^H®A^ (3.3) 

for each A € 38(S’}). We simply write these facts as 

io®io = 3f 2 (S}), A®1 = C(A), 11 ®A = K(3A*3), (3.4) 

if no confusion arises. 

Definition 13.11 can be extended to unbounded operators by (13.311 as follows. 

Definition 3.3 (Unbounded operators) Let A be a densely defined closed operator 
on S}. 

(i) The left multiplication operator C(A) is defined as C(A) = 4>^' 1 A(g) 

(ii) The right multiplication operator 71(A) is defined as 71(A) = < 3 ?^' 1 ll<g)'t!L 4 *$<l? 1 9 . <C> 

Remark 3.4 (i) Both C(A) and 71(A) are closed operators on Jzf 2 (Sj). 

(ii) If A is self-adjoint, so are C(A) and 71(A). 

(iii) We will also use the conventional identification m- o 
Definition 3.5 A canonical cone in 33 2 (Sj) is dehned by 

33 2 (S)) + = {£ € 33 2 (S}) | £ > 0 as a linear operator in f)}. (3.5) 

Jz? 2 (fj)_l_ is self-dual. < 0 > 

The following proposition is often useful. 

Proposition 3.6 For each A € 38(3}), we have C(A)7i(A*) > 0 w.r.t. Jtf 2 (S})+- 
Proof. For each £ € 33 2 (S}) + , we can see that C(A)7i(A*)f > = AfA* > 0. □ 


11 


Definition 3.7 We define 


21 = Coni<j£(A)77(A*) € <%(^f 2 (Sj)) 



(3.6) 


where Coni(X) is the conical hull of X and S~ w represents the closure of S under a 
weak topology in 38(j.S? 2 (Sj)). 

If A £ 21, then we write A y 0 w.r.t. Jz? 2 (f}) + . <0> 

Remark 3.8 (i) A y 0 =>• A > 0@ 

(ii) A y 0, B y 0, a, b > 0 => a A + bB y 0. 

(iii) A y 0, B h 0 => AB y 0. 0 


The following proposition is a guiding principle of reflection positivity mum no- 
The point is that assumptions (A) and (B) are unnecessary. 

Proposition 3.9 (Reflection positivity) Assume that A is a trace class operator 
on i.e., A e Jz f 1 (Jf 2 (Sj)). If A y 0 w.r.t. Jf 2 (Sj) + , then we have Tr ^2 [A] > 0. 

Proof. It suffices to consider the case where A = £(aj)TZ(a*j), N £ N. In this 

case, we can easily see that Tr _^2 [A] = J2jLi |Tr^ [ay] | 2 > 0. □ 


As before, the system’s Hamiltonian H is a self-adjoint operator acting in Jf 2 (Sj) 
and bounded from below. In this section, we continue to assume that e~^ H is a trace 
class operator for all (3 > 0. Corresponding to (H. 1), we need the following condition: 

(H. 3) e~^ H y 0 w.r.t. «5? 2 (f))_|_ for all ft > 0. 

Let {-)p be the thermal average. Theorem 13.101 is another prototype of the Griffiths 
inequality. 

Theorem 3.10 Assume (H. 3). If A y 0 w.r.t. Jzf 2 (fj) +; then (A)g > 0 for all ft > 0. 

w.r.t. Jf 2 (Sj) + for all ft > 0. Thus 

2 z? 2 (f}) + for all j = 1 ,..., n, then 

0 (3.7) 


Proof. From Remark 13.81 (iii), we have A e ^ H y 0 
by Proposition 13.91 we conclude the theorem. □ 

Theorem 13.101 can be generalized as follows. 

Theorem 3.11 Assume (H. 3). If Aj y 0 w.r.t. 

we have 

n 

(n^)) — 

\j =i / & 


for all 0 < si < S 2 < • • • < s n < ft. 

4 From this fact, we understand that reflection positivity is closely related to the notion of positivity 
preservation discussed in Section 0 
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Proof. Since 


um * 

L j=l 


to 'To' 


A n e _(/3_Sri)H ^ 0 (3.8) 

-V-' 


L0 to 

w.r.t. Jz? 2 (fj)_|_, we obtain (13.71) by Proposition 13.91 □ 

Theorem 3.12 Assume (A’). Then Theorem \3. 1 1\ holds true at j3 = oo. 

Proof. Considering Remark 13.81 fib we know that Theorem 13. 121 follows from Theorem 

E20 □ 


4 Quantum Ising model 

4.1 Results 

Let A be a finite subset of M d . The Hamiltonian of the quantum Ising model is given 
by 


Ha = ~Y ,’ 1 


( 3 )/ t ( 3 ) _ 


xy a x a y 


a**4 3) - 




(4.1) 


x,y£ A x(ElA 

c7 ( 1 ) )( j( 2 ) ) an d a (3) are |j ie p au ii matrices: 


(jO = 


0 1 
1 0 


u( 2 ) = 


0 -* 
i 0 


x£A 


a^ = 


1 0 

0 -1 


(4.2) 


H\ acts in the Hilbert space Sj a = (8 > xe AC 2 . ( Jxy) x ,y£Z d is a family of coupling constants, 
and fi x , X x £ M are the magnetic fields. In this section, we always assume the following: 

(*J) Jxy P 0 , J X y — Jyxi 'frx — 0 . 

The thermal average is defined by 

(A)p = Tr [A e-^ A ] /Z p , Zp = TV [e~^ A ]. (4.3) 

Let 


r x = ^(H + cri 1 )). 


Set 


c(e) _ 

rt. 


T x if £ = 1 

< 7 ® if e = 3 


(4.4) 


(4.5) 


We define 


21 = Conij^ 0 • • • Si £n) 


xi, ■ 


€ A, 


£i,... ,e n £ {l,3},n £ N |, 


where Coni(S') is the conical hull of S. 


(4.6) 
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Theorem 4.1 (First Griffiths inequality) Assume (J). Assume that [i x > 0 for all 
x € A. For all Ai,, A n G 21, X x G M and 0 < s± < ■ ■ ■ < s n < /3, we have 


UM Sj) \ >o. 

. 3 =1 / fl 


(4.7) 


For each iC A, set 

4 3> =rK ) , ™=n r.. 

To state the second Griffiths inequality, we introduce the following notations: 

«X»^ = T Z% 

H e xt = H\ <8* 1 + i <8* Ha • 


(4.8) 


(4.9) 

(4.10) 


Theorem 4.2 (Second Griffiths inequality) Assume (J) . Assume that p x > 0, \ x > 

0 for all x € A. For all A,B,C,D C A and f3 > 0, we have 

(( (44) 0 T c( s ) “ r c0) ® 44)) (44) ® ro(t) - ru(t) ® 44)) ^ > 0 

(4.11) 

for all 0 < s <t < /3, where 44) = e~ tHA a^ e tHA and Ts{t) = e~ tHA TBe tHA . 

Remark 4.3 (14.111) can be expressed as follows: 

(a ( x\s)a^ ) (t)^(r c (s)T D (t)^ - (s)rzj(t)) ^T C (s)a^ (t))^ >0. 0 (4.12) 

From this theorem (or (14.121) A . we can derive the well-known formula. 

Corollary 4.4 Under the same assumptions as Theorem \f.2\ we have 

(4 3) 4 3) )^-(4 3) )^(4 3) )^> 0 > {tatb) p -{ta) p {t B ) p > 0. (413) 

The following theorem is an extension of Theorem 14.21 

Theorem 4.5 Assume (J). Assume that p, x > 0, \ x > 0 for all x € A. Let A\,... , A n , B i, ... , B n C 
A. Then, for all 0 < t\ < t 2 < ■ ■ ■ < t n < (3, we have 



By Theorem 12.151 we obtain the following corollary. 


(4.14) 
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Corollary 4.6 Assume (J). Assume that ^i x > 0, > 0 for all x € A. Let A \,..., A n , B \,..., B n C 

A. For each I = {i\,... ,i/-} C {1,... ,n} with i\ < ii < ■ ■ ■ < ik, we define 


Si(t) = l[S j (t j ), Sfitj 

3 = 1 


) if j S I c 


(4.15) 


Then we have, for all 0 < t\ < t 2 < ■ ■ ■ < t n < fi, 


E (-D |,| <s/(t)) (s,.m) >o. 

/C{l,2,...,n} P 


(4.16) 


In addition, we have 


for all 0 < t\ < t 2 < • • • < t n < fi and I C A. 


(4.17) 


Example 4 We have the following: 

/o\ 

(i) (o~ A )p is monotonically increasing in J xy and fi x . 

(ii) ( ta )/3 is monotonically decreasing in J xy and fi x . 

/oN 

(iii) ; )p is monotonically decreasing in \ x . 

(iv) ( ta )/3 is monotonically increasing in \ x . 

We will prove this example in Section T4.41 <0 

Remark 4.7 (i) Our results can be extended to a more general Hamiltonian of the 

form 

= Ja(T a ~ E KaTa ( 4 - 18 ) 

ACA ACA 


with Ja>0 and K A > 0. 

(ii) Assume that fa x > 0 or \ x > 0 for all x € A. Then since the ground state of H\ 
is unique for all A@, our results are valid at fi = oo. The results at (3 = oo are 
used in the study of quantum phase transitions [91 Ho], o 


5 This fact can be proven by the Perron-Frobenius-Faris theorem nn. 
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4.2 Proof of Theorem 14.11 

Let 0 = {—1, +1} be the set of possible values of a spin. Given A, 12 A is the set of spin 
configurations in A. Set 



For each u = {w x }ieA € 12 A , we define 

|<*>) = (^) \u x )- 

xeA 

Then ||u>) | u € 12 A } is a CONS of S) A . 

Definition 4.8 A standard self-dual cone in f)A is defined by 


(4.19) 


(4.20) 


ilA,+ = < ^ € Sj A 


^ c u \u>), c u > o Vcj e n A l. 

ue$i A J 


ue(l A 


Remark 4.9 |cj) € L)a,+ for all cu € 12. <C> 

Let U be a unitary operated on Sj a given by 

1 O 1 


U = (x)u, u = 


x€A 


V2 V - 1 1 


Since u*a^u = crO) an d = —erO) ; we have 

17* a® U = 4 1} , P* 4 1} 17 = -4 3) 


0 


(4.21) 


(4.22) 


(4.23) 


for all x € A. Thus, 

h a = u*h a u = ~J2 J xy4 l) 4 ] - E + E A ^ 3) - ( 4 - 24 ) 

x,y£A x€A x£A 

Proposition 4.10 We have the following: 

(i) !> 0 w.r.t. Sj At + for all x € A. 

(ii) |(11 — a®) > 0 w.r.t. i^A,+ /or all x € A. 

(iii) e - ^ A > 0 w.r.t. ^a,+ /or all (3 > 0. 


Proof, (i), (ii) Let r be a map on 12 defined by r(—1) = +1 and r(+l) = —1. Clearly, 
<7^|w} = |r(w)) holds. Then = |r x (o;)), where (r x (u)) y = r(ui x ) if y = x, 

(r x (uj)) y = uj y if y ^ x. Thus, for all u € 12 A , it holds that a x |w) € L)a,+- Thus, we 
conclude (i). (ii) is obvious. 

6 This unitary operator is well-known mm- 
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(iii) Let 


T — J cr^o-W V 

1 — / / J xy°x 0 y i V H 
x,y(E: A 


Va = E A ^ 3) - 


zgA 


Hx&x 


(4.25) 


IgA 


Set V = Vfj + V\. Then we have LTa = ~T + V. By (i), we have T t> 0 w.r.t. L)a,+- 
On the other hand, since —Vy > 0 w.r.t. 13 a, +0 5 we have e — > 0 w.r.t. ^a,+ for all 
/3 > 0 by Proposition IA.31 In addition, we have 




u>) = exp < - /3 ^ l |u>) € f)A,+, 


(4.26) 


IgA 


>0 


which implies e & Vx t> 0 w.r.t. ^a,+- By Proposition IA. 41 we have e @ v > 0 w.r.t. f)A,+ 
for all /3 > 0. Now we can apply Proposition IA.5I with A = — V, B = T. □ 


Proof of Theorem \4-l\ 

For each x € A, by Proposition 14.1U1 (i) and (ii), we have 


(7 


0) =U *a®U = aU>0, Tx = U*t x U = ^(1 - a®) > 0 (4.27) 


w.r.t. L)a,+- Thus, • • • Sxff^U > 0 w.r.t. f)A,+> implying that A = U*AU > 0 

w.r.t. i^A,+ for all A € 21. By applying Theorem 12.71 we conclude Theorem 14.11 □ 


4.3 Proof of Theorems 14.21 and 14.51 
4.3.1 Preliminaries 

Let A = C 2 < 8 > C 2 = C 4 . Then (|o;,u/) | u,u' € P} is a CONS of A, where |w,u/) = 
|w) <8> |o/). We label {|co, co 7 ) |<u,u/ € P} as 

le 1 ) = | + 1,+1), |e 2 } = |-1,-1), |e 3 ) = | + 1,-1>, |e 4 ) = | - 1,+1). (4.28) 

Thus, each \ip) = Ylj=i c j\ e j) ^ A can be identified with (ci, C 2 ,C 3 , 04 )^ G C 4 . We 
introduce linear operators on A as 


ip = ~^= (a (3) (8) 1 + 11 (8) cr (3) ), 

\/2 

(4.29) 

4>= (o- (3) (8 11 - 11 (8) u (3) ), 

V2 

(4.30) 

rj = —(t/ 1 ) <8> H + H <8> er^), 
v2 

(4.31) 

£ = -^= (cr^ 1 -* (8) l — 11 <8) f/ 1 )). 
v2 

(4.32) 


'We used the assumption fj, x > 0 here. 
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In general, each operator X in can be expressed as a 4 x 4 matrix: X = (X 
with Xij = ( ei\Xej ). In particular, we have 


i/> = V2^ 

rj = V 2 


a 


(3) o 

0 0 
c7 l 1 ) a 


a 


a 


(i) 


4> = V 2 
, e = \/2 


0 0 
0 rj( 3 ) 

0 7 

7 0 


where 


a = 


( 


1 1 


\/2 \ 1 1 


7 = 


= i 

Mi *i 


u 0 
0 u 


Let u be the unitary operator given by (14.221) and let 

= 

For each operator X on we write X = tPXiL By (|4.33j) . we obtain 

* = *{? ")■ *=* 

«=^(r w %)• <=^' 

where d = u*qu = (H 2 — cr^)/\/2 and 7 = — (12 + a^)/y/2. 


0 0 
0 )' 

0 7 

7 0 


Definition 4.11 Let 

•&+ = I W) € & 


W = £<#,■>, Cj > 0,j = 1,2 ,3,4 
3 = 1 > 


Clearly, is a self-dual cone in JL <C> 
Proposition 4.12 IFe have the following: 

(i) ij) > 0 w.r.t. 

(ii) (j> t> 0 w.r.t. it + . 

(iii) — £ t> 0 w.r.t. it + . 

(iv) I 4 + ^77 > 0 w.r.t. ■&+. 

(v) exp(/Li jj) > 0 w.r.t. $.+ for all (3 > 0. 

(vi) exp(/3ry) > 0 w.r.t. R + for all (3 > 0. 


1,2,3,4 


(4.33) 


(4.34) 


(4.35) 


(4.36) 


(4.37) 
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Proof. Note that by Proposition IA.21 a linear operator X on H satisfies X > 0 w.r.t. 
•£+ if and only if Xij = ( ef\Xej) > 0 for all i, j = 1,2, 3,4. Thus, (i), (ii), (iii), and (iv) 
immediately follow from 1)4.3611 . 

(v) By (i) and Proposition IA.31 we can see that exp (P'lp) > 0 w.r.t. & + for all (3 > 0. 
To show (vi), we write fj = fjd + fjo, where 

« = ^(r (3> %>)’ ^ = ^(a o)' (4 - 38) 

Suppose that 

(a) exp(f3fjd) > 0 w.r.t. for all /3 > 0 , 

(b) exp(/? 77 0 ) > 0 w.r.t. for all /3 > 0. 

Then we can immediately conclude (vi) by Proposition IA.41 Hence, it suffices to prove 
(a) and (b). 

To show (a), observe that 

/ e -V2/3a(3) 0 \ 

exP = f Q e -V2p*(V J ' ( 4 - 39 ) 

Since all matrix elements of exp(— y/2(3a^) are positive, we conclude that (a) is true 
by Proposition IA.21 

Since fj a t> 0 w.r.t. .&+, we find that exp(/3r) 0 ) > 0 w.r.t. J^ + for all /3 > 0 by 
Proposition IA.31 Thus, we conclude (b). □ 


4.3.2 Completion of proof of Theorems 14.21 and 14.51 

Let H ext be given by (j] 

For each x € A, let 


H ext can be expressed as 

H e x t — ^ ' Jx 

x,y£ A xEA 

We employ the following identificatiorU of ^a : 

= (^) A, 

xeA 


|j). H ext acts in the extended Hilbert space 

= ft A ® SjA- 

if>x = -^(4 3) ® l + fl®4 3) ), 

(4.40) 

^ = -^=(4 3 )®ii-ii®4 3 )), 

(4.41) 

vx = -j= (4 1} ® 1 + 1 ® 4 1} )» 

(4.42) 

& = 7f^ 1} ® ]1 - 11 ®4 1) )- 

(4.43) 

H - (frx&y) ^ ^ H'x'lpx V^2 ^ ^ ^x^]x' 

(4.44) 


xeA 


8 Indeed, we have Ha = (®, 6A C2 ) ® (<8hgA C2 ) - <8bgA( c2 ® c2 ) - <8bg A 


(4.45) 
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where ^ = C 4 . Thus, r tfj x , (p x , and r) x can be expressed as 

l/’x = <t>x=®y&\((t)) Sxy , Vx = ■ ( 4 - 4 6) 

Here ( X) Sx y = 1 if x ? - y, (X) Sx y = X if x = y. Let $ be given by (|4.35|h Set 
0 = ®xeA$- For each linear operator X on set X = 0*X0. Then we obtain 

-f^ext = ^ ^ Jxy {i’x'&y + 4>x4>y) ~ AtsV’® -^E ^xVxj (4.47) 

x,y£A xGA xGA 

where ip x ,4> x ,?lx, f,x are defined through (14.361) and (I4.46|) . 


Definition 4.13 We define a self-dual cone in by 


•&A,+ 


|T) g £ A 


l*> = 


C n \e n ), C n > 0 Vn € {1,2,3,4} A >, 


ne{l,2,3,4} A 

where |e n ) = ® x& A\e nx ) for each n = {n x } xe A G {1, 2,3,4} A . 0 
Remark 4.14 |e n ) € ^a,+ for all n G {1, 2,3,4} A . <3> 


(4.48) 


Proposition 4.15 We have the following: 

(i) 'f’x !> 0 w.r.t. i^A,+ for all x G A. 

(h) !> 0 w.r.t. J^a,+ for all x G A. 

(iii) — £ x > 0 w.r.t. J^a,+ for all x G A. 

(iv) i + -^fj x [> 0 . 8 a, 4 - for all x G A. 

(v) exp (P’lfx) > 0 w.r.t. 8a,+ for all x G A and f3 > 0. 

(vi) exp(/3rj x ) > 0 w.r.t. 8a,+ for all x G A and (3 > 0. 

Proof. By Proposition IA.21 a linear operator X in 8 a satisfies X > 0 w.r.t. 8 a,+ if 
and only if (e n |Xe m ) > 0 for all m, n G {1,2,3,4} A . Thus, the assertions immediately 
follow from Proposition 14. 12l □ 

Corollary 4.16 exp(— (3H ext ) > 0 w.r.t. 8a,+ for all /3 > 0. 

Proof. Set H ext = —T + V , where 

T = ^ J xy {4>xi>y + 4>xf>y), V = + V\ (4.49) 

x,y€ A 

with v fl = —V^YIx&a Hxi> x and V\ = -V^J2 X GA^xfjx- By Proposition 14.151 (i) and 
(ii), it holds that TI>0 w.r.t. 8 a,+• On the other hand, we can see that by Proposition 
14.151 (v) and (vi), 

e -0W — J~[ Q ; e~P Vx = P t>Q (4.50) 

xGA >o ISA >o 

w.r.t. 8 a,+ for all f3 > 0^ Thus, by Proposition IA.41 we obtain e ^ > 0 w.r.t. 8 a,+ 
for all /3 > 0. By applying Proposition IA.51 we conclude the desired assertion. □ 

9 Here we have used the assumptions ij, x > 0 and A x > 0. 
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Corollary 4.17 For all A, B,C,D C A, we have the following: 

(i) 0*cr® (8 T( 7 © > 0 w.r.t. ^a,+ . 

(ii) 0 * (ct® (8) td — td <8 <7^)0 > 0 w.r.t. ,&a,+- 

Proof, (i) Let 4 = |(1 + an d m x = By Proposition 14.151 fin) and (iv), 

it holds that 4 0 and > 0 w.r.t. 4v,+- Thus, we have 

0V^ 3) (8) rc© = 2~ |a|/2 JJ (4 + <4) (4 + rh x ) > 0 (4.51) 

sen igC 

w.r.t. Ha,+ by Proposition 14.151 
(ii) We have 

0* (ajp <8 td — td <8> cr®) © 

= 2 _ I- b I/ 2 (4 + 4 ) (4 + rhy) - 2 _|b|/2 (4 - 4X4 “ "I y ) (4.52) 

x£B y£D x£B y(zD 

= E E Kx 1 x 2 Y 1 Y 2 ^x 1 4>X2^Y 1 rhY 2 (4.53) 

^lAaCB Yi,Y 2 <ZD 


with K Xi x 2 y 1 y 2 > 0,^ Xl = Uxex^x, <px 2 = FI= Fixer! 4, ™r 2 = 
F[xer 2 Thus, ©*(cr® < 8 > td — Tp < 8 > <J®)0 > 0 w.r.t. ^a,+- d 


Proof of Theorems \4-2\ and\4-5 


By Corollaries 14.16114.171 and Theorem IA.11 we have 

(((^FO ® T c(s) - ro(a) <8 °a 3) ( s )) ® T D(t) - T o(t) <8 cr^(O) 


= Z7 2 Tr 


sH ex t 4 A * 



x 0* ( ajp <8 td — to <8 cr® 


>o 


0 g — (/3 — t)H ex t 
>0 


> 0 . 


(4.54) 


This concludes Theorem 14.21 

Similarly, we can show Theorem 14.51 by Corollary 14.171 and Theorem IA.11 □ 


4.4 Proof of Example |4| 

We only prove (i) and (ii), since (iii) and (iv) can be proved in a similar manner. 
Recall the Duhamel formula 

e -t(A+B) =X2 f (-5(4)) • • • (-5(4)) e~ tA dti ■■■dt n (4.55) 

n >0 J0<tl<t 2 <---<tn</3 
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for any bounded self-adjoint operators A and B with B(t) = e tA Be tA . Using this, we 
have 


d C -I3H 

& Jxy 


E« 

n> 1 


D n = n( [ 

Jn< 




‘-xy[T'l 


[h]---T xy [t n \e pH dti ■■■ 


di.. 


(4.56) 

(4.57) 


where = ex®<x®, H' = 77a + T^cr^cx® and T xy [t] = e tH T xy e tH . Note that in 
a similar manner to Sections 14.21 and m we have the following: 

(a) > 0 w.r.t. f)A,+ for all /3 > 0, where H' = U*H'U. 

(b) e _ ^ext [> o w.r.t. J4 a,+ for all (3 > 0, where H' ext = H' <g) 11 + 11 <g) H' . 

Hence, by setting M n = T xy [t\] ■ ■ ■ T xy [t n \. we obtain 


d 

& Jxy 



)p 


n> 1 




dt i • • • dt n 


=£ 

n>l 


n{J X y) n 1 
2 



<g> 1- 


1 <g> cr^) (M n <g) 1 - 


11® Mn)')') , dti 
' // H',/3 


■ dt r , 


> 0 , 


(4.58) 


where (-) H i j3 and j3 are the thermal averages associated with 77 and T7 ext . (Here 

we used the facts that 0*(cx® (g)l— l(g)(x®)0[>O and 0*(M n <g) 1— 1(g)M n ) e~P H «xt®\>0 
w.r.t. ^a ,+ 5 which follow from Corollary 14.171 1 Thus, we have proved (i). Similarly, 
by applying the fact that Q*(ta (g> 1 — 1 <g> ta)0 < 0 w.r.t. ^a,+ ) which follows from 
Corollary 14.171 we have 


Tj ~ {TA)fi 

v u xy 

n>l ^ Jo<t!<-<P A 


< 0. 


1 (g> M n ) \\ dti • • • dtn 
’ I IH' ,/3 

(4.59) 


Thus, we have proved (ii). □ 


5 Quantum rotor model 

5.1 Results 

Let A be a finite subset of R 2 . The quantum rotor model on A is defined by 

77 = ^))— t xy cos(9 x — 0 y ). (5-1) 

ieEA x x,y£ A 


22 











The Hilbert space is 5) = <8> x eA L 2 (T) with T = [—7T, 7r]. U x > 0 being the strength 
of the on site repulsion and t xy > 0 being the hopping strength. H is a self-adjoint 
operator acting in the Hilbert space fjlij We refer readers who want to learn the 
physical background to [3 Oj!] • 

Remark 5.1 In this study, we simply write Mf , the multiplication operator by the 
function /, as f(9) if no confusion occurs. <0” 

Let T x = e ldx . For each A = {m^x s a G Z A , we set 

T A = \{(T x ) mx . (5.2) 

xeA 

Let 

21 = Coni{r A | A G Z A }“ W (5.3) 

The thermal expectation value {-)p is defined by 

{A) p = Tr [A e-P H ] / Zp, Z p = TV [e^ H ] (5.4) 

for all A G £$($)). 

Theorem 5.2 (First Griffiths inequality) Let Ai,...,A n G 21. For all 0 < s\ < 

S 2 <-- - <Sn< /3, we have 

n 

UMs,)) >0. (5.5) 

3 =1 / 0 

To state second Griffiths inequality, some conditions are required. We introduce an 
extended Hilbert space fj ex t by fj ex t = <8>iy For each X G &(fiext), we set 

((X))p = Tr* ext [X e ~P Hext ] j Z % (5.6) 

H ext = H <g> 11 + 11 <g> H. (5.7) 

Let C x = cos 6 X and 

C x (s) = e~ sH C x e sH . (5.8) 

Theorem 5.3 (Second Griffiths inequality) For all aq,..., x n € A, 0 < si < S 2 < 

• • • < s n < f3 and £\,... ,e n G {±1}, we have 

> 0. (5.9) 

0 

10 The precise definition of is given by 

dom ( “ i §e) = ^ e cl ( T ) I -^ _7r ) = /Wb 

v / £d ° m (-4)- 

Then —i-§$ is essentially self-adjoint. We still denote its closure by the same symbol. 
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From Theorem 15.31 we immediately obtain Corollary 15.41 which has a form similar 
to (11.41) . (This is why we call Theorem 15.31 the second Griffiths inequality, see Remark 
12.161 and Theorem 12.181 for general arguments.) 

Corollary 5.4 For each A = {m x } x£ a € N A , set 

C A =H(C x ) m F (5.10) 

mSA 

For all A,B € N A , we obtain 

(C A C B ) f > (C A ) I ,(C B ) I (5.11) 

Let 

d 

n x = (5T2) 

uu x 

Set n x (s) = e~ sH n x e sH . We have the following. 

Theorem 5.5 For all x±,..., x n € A, 0 < si < S 2 < • • • < s n < (3 and e±, ..., e n € 
{±1}, we have 


n. 

n Xj ( Sj ) ® 11 + £jl ® n Xj ( Sj ) 

where £j = — £j. 

We can construct several extensions of Theorems 15.31 and 15.51 
trates this fact. Let 



> 0, (5.13) 

P 


Theorem 15.61 illus- 



a 

a 

a 


(1) 

X 

( 2 ) 
X 

(3) 


X 


(s) = C x (s) <g) i + 1 ® C x (s), 
( s ) = C x (s) <S> 11 — L ® C x (s), 
(s) = n x (s) <8> 1 + 11 ® n x (s) 


n x (s) <S> 1 — 1 ® n x (s ) 


(5.14) 

(5.15) 

(5.16) 


Theorem 5.6 For all aq, ... ,x n € A, /xi,..., fi n G {1,2, 3} and 0 < si < S 2 < ■ ■ ■ < 
s n < P, we have 



Example 5 For all A C A and x,y,z € A, we have the following: 

(i) ( C A )p is monotonically increasing in t xy . 

(ii) {n%)p is monotonically increasing in t xy . 


(hi) 


d 

dU n 


(C A )p 


u x =o 


< 0. 


(5.17) 
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We will provide a proof of this example in Section 15.41 <0 

Remark 5.7 (i) Our results can be extended to a more general Hamiltonian of the 

form 

<»•*> 

xga asn a 

with J^4 > 0, where the sum converges under a uniform topology. 

(ii) Since the ground state of H is unique, our results are valid at /3 = oo. The results 
at j3 = oo are essential for the study of quantum phase transitions [36] . <0> 


5.2 Proof of Theorem 15.21 

Let T be the Fourier transformation 0 on Sj and let H = THT 1 . We have 

^ = E|^ + ^E (-txy)(T x f; + f*f y ). (5.20) 

ieEA x,y€ A 

H acts in the Hilbert space S) = FS) = ® xe \£ 2 (Z). h x and T x are defined by h x = 
Fn x F~ 1 and T x = FT X F~ 1 . 

For each n G Z, set e n (m) = 6 mn G £ 2 (Z). {e n \ n G Z} is a CONS in £ 2 (fL). For 
each n = {n x } xs a G Z A , let e n = ® x ^\e nx . Clearly, {e n | n G Z A } is a CONS of Sj as 
well. Remarkably, for each n = {n x } X £a G Z a , 

RH’ti — ji) T x e n — Cn^-,5^,, (5.21) 

where ^ € Z A . In other words, is the number operator and T x is the 

creation operator at site x. 


Definition 5.8 Let 


h+=\F= Y, ^(n)e„ € fj | F(n) >0 Vn G Z A l. 

I nez A ) 

Note that is a self-dual cone in fj. Clearly, e n G i5+ for all n G Z A . <C> 


(5.22) 


Proposition 5.9 We have the following: 

(i) T x > 0 w.r.t. for all x G A. 

(ii) > 0 w.r.t. i5+ for all /3 > 0. 

11 To be precise, T is a unitary operator given by 

(Ff)( n) = (2^)- |a|/2 [ f{0) e- ie n d0 V/ G Si. (5.19) 

J t a 


25 






Proof, (i) Note that f)+ = Coni{e n | n G Z A } , where Coni(S') is the closure of 
Coni(5). Thus, it suffices to show that T x e n > 0 w.r.t. f) + for all n G Z A . This is 
trivial according to (|5.21D . 

(ii) Let 


-K = \ t xy (T x f; + T* x T y ), U = £ Y"*- ( 5 - 23 ) 

x,y€A x^A 

By (i), we can see that —K > 0 w.r.t. f) + . On the other hand, since 

e - ^e n = exp < — (3 ~2~ n x > e n for all n = {n x } G Z A , (5-24) 

l xeA 2 ) 

' -V-' 

>0 

we have e _,3U > 0 w.r.t. f)+. Thus, by Proposition IA.51 we conclude (ii). □ 

5.2.1 Completion of proof of Theorem 15.21 

By Proposition 15.91 (i), we have A > 0 w.r.t. f)+ for all 21. Applying Theorem 12.71 we 
prove Theorem 15.21 □ 

5.3 Proof of Theorems 15.31 15.5L and 15.61 and Corollary 15.41 

First, note the following identification: 

fD ex t = L 2 (T a x T a , dOdO') . (5.25) 

Under the identification (15.251) . we see that 


H ext =H <g> 11 + 11 (8) H 



- ^2 tx 'y{ cos (0x ~ Qy) + cos (V'x - £(/)}■ (5.26) 

x,y£ A 


Next, we introduce a new coordinate system {(/> x ,</> x } with 

f>x = 7 ^ (@x ~~ &X = 7j{@x + ®x )• 

Then we easily see that 

S) ext = L 2 (T A xT A ,d(fdcf'). 


Using the identity 


„ , 6+0 6-9 

cos 6 + cos 0=2 cos —-— cos —-—, 


(5.27) 


(5.28) 


(5.29) 
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we obtain 


H ext = + v x) “ 2 Y1 tx v cos (^ “ <!>v) cos (<^ - 4>y), 


ceA 


where 


x,yeA 


. d 


. d 


d<P x x d<t>' x 

Let X = L 2 (T a , dcpi). Then by (1T28D . we obtain the following identification: 

S) ext = L 2 (T a , d0) (gi L 2 (T a , d<f>) = X ® X. 


Moreover, we obtain the following proposition. 

Proposition 5.10 ITe /iar>e L7 ex t = T — V, where 

T = E j(^ 01+]1 ®^)’ 

M = 2 ^2, t xy cos (<f) x - (j) y ) (8) cos(<^ x - 0 y ). 
x,y£ A 

Let d be the antilinear isomorphism dehned by 

W)(0)=7(0) a.e., /eL 2 (T A ,d0). 

By (13.41) and (15.321) . we have the identification fj ext = Jf 2 (X) by $. Moreover, 
we have the following proposition: 

Proposition 5.11 We have H ext = T — V, where 

t = ZtM+^ 2) }’ 

x&A 

V = 2^ 

x,y&A 

By Corollary IA.91 we immediately obtain the following: 

Corollary 5.12 We have exp(— /3H cxt ) y 0 w.r.t. «Sf 2 (X)_|_ for all f3 > 0. 


COS ( (j) X (py ) 1Z COS ( (p) x (py ) 


5.3.1 Completion of proof of Theorem 15.31 and Corollary 15.41 
Proposition 5.13 We have the following: 

(i) cos 9 X <8> 11 + H <8> cos 9 X = 2£(cos (p x )TZ( cos (p x ) y 0 w.r.t. Jz? 2 (X) + . 

(ii) cos 9 X <8) 1 — 1<8> cos 9 X = 2£(sin cp x )lZ(shi (p x ) y 0 w.r.t. «£? 2 (X) + . 


(5.30) 

(5.31) 

(5.32) 

(5.33) 

(5.34) 

(5.35) 

by m, 

(5.36) 

(5.37) 
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Proof, (i), (ii) We apply Ginibre’s idea [20] : 


Put 


b+a b-a 

cos a + cos o = 2 cos-cos-, 

2 2 ’ 

(5.38) 

b + a b — a 

cos a — cos b = 2 sin-sin- . □ 

2 2 

(5.39) 

2V^ = C x 0 1 + el 0 Cx, e = ±1. 

(5.40) 


Then by Proposition 15.131 we have V x ^ + 0 w.r.t. 2 £? 2 (X) + for all x € A and e € {±1}. 
Since exp(— (3H ext ) t: 0 w.r.t. _£? 2 (£) + for all (5 > 0 by Corollary 15.121 we can apply 
Theorem 13.111 Thus, we conclude Theorem 15.31 

For each A C A, define [A] = {m x } x s a € {0,1} A by m x = 1 if x € A and m x = 0 
otherwise. For simplicity, we will consider the case where A = [*4] and B = [B]. To 
prove Corollary 15.41 we note 

C* 0 1 = Pj +1) + , 1®C X = Hj +1) - V^ _1) . (5.41) 


Observe that 

2(C A C Bs )p - 2 (C A )p{C B ) p 
= (( 0 11 - 1 ( 8 ) (C B ( 8 ) 11 - 1 (2) ^ 

EE[‘-(-W]I 1 -(-b'l>o. 




(5.42) 


>o 


where Pl ±1) = fl, 


e.4 




>0 by Theorem 15.31 
Hence, we conclude Corollary 15.41 □ 


5.3.2 Completion of proof of Theorem 15.51 
Proposition 5.14 For all x € A, /3 > 0 and £ € {±1}, we have 

(■ n x 0 1 + 1 0 n x ){n x 0 11 — 11 0 n x ) + 0 w.r.t. 2z? 2 (3t)+. (5.43) 

Proof. Note that since du*d = —z/ x , we have 

n x 0l + l0n x = l0i'.2; = (5.44) 

and 


n x 0 11 — 11 0 n x = —v x 01 = —C{v x ). (5.45) 

Thus, we have (n x 0 1 + t®n x )(n x 0 1 — l0n x ) = C(v x )1Z(y x ) + 0 w.r.t. «Sf 2 (X) + . □ 
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By Proposition 15.141 we see that 


_ \n Xj (.sj) 0 11 - D 0 n Xj ( Sj ) n Xj (sj) ® 11 - 11 ® n Xj ( sj) 


j =i 

_ q sHext 


3 — /3H ex t 


n Xl g> 11 + 1 (g> n : 


Xl 


n Xl (g) 1 — 11 (g) n 


Xl 


„ (^2 S\)H ex t y . . . 


• • • X 


(g) 1 + 11 (g) ria; 


^0 




11 - 1 <g> 


ho 

e -(/3-Sn)ge xt ^ ^ 0 W.r.t. «Sf 2 (je) + . 
^0 


!-0 


(5.46) 


Therefore, Theorem 15.51 follows from Proposition 13.91 □ 
5.3.3 Completion of proof of Theorem 15.61 


By Propositions 15.131 and 15.141 we know 


n a i j \ s j) 


ij=i 


~,—/3H ex t 


y 0 w.r.t. ,S? 2 (X)_ 


Thus, Theorem 15.61 immediately follows from Proposition 13.91 □ 


5.4 Proof of Example [5] 

The proof of Example 0 is similar to that of Example 01 so we only provide a sketch. 
By the Duhamel formula (14.551) . we obtain 


d 


dt 


(c\ 


xy 


n{t xy ) n 1 

^ 9 


n> 1 


'0<*i<-<t n </3 


(^(C A (g) 1 - 11 <g> C A ) (K„ ® l - 11 ® Kn)))^ dh ■ ■ ■ dt r 


t n H 


(5.47) 

cos (9 X — 9y) e tnH with H' = H + 

t xy cos (9 X — 9y) and H' cxt = H' (g) 11 + 11 (g) H' . Since e~ tHext y 0, C A (g) 1 — 1 (g) C A y 0 
and K n <g) 11 — 11 ® K n y 0 w.r.t. J5? 2 (X) + , we know that the RHS of (15.471) is positive. 
Thus, we obtain (i). Similarly, we have 


where K n = e tlH cos (9 X — 9 y )e tlH 


d , 2 


at 


^)/3 


a;y 


n{t xy ) n 1 


n>l 

>o. 


'0<ti <-<t„<p 


(n 2 ® 11 — 1 ® n 2 ) (K n (g) 11 — 11 (g) K n ) \\ , dt\ ■ ■ ■ dt r 

'—(--- '' H.,B 


^0 by Proposition 15.141 


(5.48) 


Hence, we arrive at (ii). 
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(iii) Let H" = H — ^rn 2 . By Proposition 15.141 Corollary 15.121 and the Duhamel 
formula (14.551) . we obtain 


d >^a\ 


dU, 




U x =0 


f [ 3 (( (C A ® n - 1 ® C A ) e~ tH "xt (ra 2 0 11 - 11 0 n 2 x ) e tH \\ „ dt 

2 Jo '' ^- V - ' ' X' ' ' - V -—' " H ext 

>-o - ^0 


< 0 , 

where H^ xt = H" (8) 1 + 1 0 H". This completes the proof. □ 


(5.49) 


6 Bose—Hubbard model 


6.1 Results 

Let A be a finite subset of M. d . The Bose-Hubbard model on A is defined by 

H — N ( ( t X y)Oj x ciy + ^ ) U x n x (n x 11) ^ " J^xiflx T Oj,) /iA^. (6-1) 

x,y€ A xEA ieEA 

H acts in the bosonic Fock space 53 = ^ 2 (A), where 0”£ 2 (A) is the n-fold 

symmetric tensor product of £ 2 (A) with 0g^ 2 (A) = C. a x is the bosonic annihilation 
operator satisfying the canonical commutation relations (OCRs): 

[OxjQjJ — $xyi — O' (6.2) 

n x = a*a x is the number operator at site a: € A and = YIxgA n x is the total number 
operator. 

We assume the following: 

(A. 1) t xy >0, U x > 0, \ x > 0 for all x, y € A. 

(A. 2) t xy = t yx for all x, y £ A and t xx = 0 for all x € A. 

(A. 3) /i€M. 

Under these conditions, we see that e~^ H is in the trace class for all /? > 0. The thermal 
expectation value is defined as 

(X)p = Tr [X e~J H ] / Zp, Zp = Tr [e~^ H ] . (6.3) 

For each densely defined linear operator X, X& (JJ = + or — ) means 


X# 


X if # = - 
X* if # = +. 


(6.4) 


Set Nq = {0} U N. For each m = {m x } x& a € Nq and jj = {jj x } x e A € {±} A , define 


xeA 


(6.5) 
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with (ajf*) 0 = 1. Now we define 


21 = Coni) 


{l( m;#) | m€N£, # € {±} A }. 


( 6 . 6 ) 


Note that for all A £ 21, A e 13H is in the trace class for all f3 > 0. Thus, (A)p is finite. 

Theorem 6.1 (First Griffiths inequality) Let A\,...,A n £ 21. For all 0 < s\ < 

S 2 < ■ ■ ■ < s n < /3, we have 


JjAj(sj)) > 0, 

o=i / 3 


(6.7) 


where .A(s) = e sH Ae sH . 


To state the second quantum Griffiths inequality, we introduce the following nota¬ 
tion: 




Ye 


—/3H ex t 


Z'j. J, Hext — H <g) 1 + 1 <g) H. 


( 6 . 8 ) 


Theorem 6.2 Let x \,..., x n , yi,... ,y n £ A. For each 0 < si < t\ < S 2 < t 2 < • • • < 
s n <t n < /3, # 1 ,..., #n € {±} and £i,..., e n G {±1}, we have 


^ IJ <8> 11 + £jll <8) af/(sj) a|j J (ij) <S> 1 + <8> a* J (tj) jj >0, (6.9) 

where # = — #E1 and af(s) = e~ sIi at e sIi . 

Example 6 Consider the case where n = 1, £\ = —1, and #l = +• Then we have 

(a*(s)a y (t)) /3 - {a*)p(a y )/3 > 0 (6.10) 

for all x,y £ A and 0 < s < t < (3. From this, we have 

( a x>a y )/3 ~ (a* x )/3(a y )i3 > 0- (6.11) 

In addition, by Theorem 16.11 it follows that 

(a* x ,a y )p> 0, (a%)p > 0, (a y ) 0 > 0. 0 (6.12) 

We can generalize Theorem 16.21 To state our result, we need to introduce the 
following: 


0 + 1 , 3 ; = a x <g> 1 + i <g> a x , 
a- 1 , 3 , = — * (a x ® 1 — 11 <S> a x ), 


(6.13) 

(6.14) 


where i = \/—T. 


2 To be precise, + = — and — = +. 
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Theorem 6.3 (Second Griffiths inequality) Let x ±,..., x n G A. For all ff ±,..., ff n € 
{±}, £i,... ,e n € {±1} and, 0 < si < S 2 < • • • < s n < (5, we have 


II “S *jM}} £°. 


(6.15) 


> l=i 


w/tere af tX (s) = e sHext af jX e sHext . 


Remark 6.4 If > 0 for all x € A, then we can prove that the ground state of H is 
uniouJ^l. In this case, our results are valid at /3 = oo. <0 

Example 7 Consider the case where n = 3, #i = +, #2 = #3 = —, and £i£ 2 £ 3 = 1. 
We have 


(a*a 2 a 3 ) - {al)(a 2 a 3 ) - (a 2 )(a^a 3 ) + (a 3 )(a^a 2 ) > 0 
for (ei, £ 2 , £3) = (-1,-1,+1), and 

{a\a 2 a 3 ) - {a\){a 2 a 3 ) + {a 2 ){a\a 3 ) - (a 3 )(aia 2 ) > 0 


(6.16) 


(6.17) 


// jj 

for (si,£ 2 ,£ 3 ) = (—1, +1, —1), where we use the abbreviation aj = a Xj (sj). On the 
other hand, we have 

(a*a 2 a 3 ) + {a\)(a 2 a 3 ) - (a 2 )(aia 3 ) - (a 3 )(aia 2 ) < 0 (6.18) 

for (£ 1 ,e 2 ,£ 3 ) = (+1,—1,—1). Combining (16.161) and (16.171) . we get 

{a\a 2 a 3 ) - (a\){a 2 a 3 ) >0. 0 (6.19) 

If U x = 0, then we obtain a stronger result as follows. 

Theorem 6.5 Assume that U x = 0 for all x € A. Assume that the matrix {—t xy — 
F& 3 :y)x,y is positive-definite 0 Let x\,...,x n € A. For allffi,..., ff n € {±}, £ 1 , . . ., £ n G 
{±1} and 0 < si < • • • < s n < (3, we have 


0=1 


atf ( Sj ) <g) 11 + £jll ® atf (sj) 


> 0 . 


( 6 . 20 ) 


P 


Corollary 6.6 Under the same assumptions as Theorem 1 6. .11 we have 

{A\A 2 )p — {A\)p(A 2 )p > 0 (6.21) 

for all Ai,A 2 € 21. 

Example 8 Let ^4 G 21. Under the same assumptions as in Theorem 16.51 we have the 
following: 

(i) {A)p is monotonically increasing in t xy . 

(ii) {A )/3 is monotonically increasing in X x . 

The proofs of these properties are similar to those of Examples [I] and [5j <0> 


13 This fact follows from an application of the Perron-Frobenius-Faris theorem|l2j. 

14 This assumption is needed in order to guarantee that e~^ H is a trace class operator. 
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6.2 Proof of Theorem 16.11 


In this section, we will often discuss unbounded operators. Thus, we have to extend 
definitions of our operator inequalities as follows: 

Definition 6.7 Let A be a densely defined linear operator in Sj. If Ax > 0 w.r.t. ^ 
for all x G n dorn(A), then we also write A > 0 w.r.t. 'p. Note that 

(x\Ay) > 0 for all x G ^3 and y G ^3 H dom(A). 0 (6.22) 

For each N = {N x } x s a G Nq , we set 

iN>=(n^ ! ) ^ 6 - 23 ) 

V irEA / xEA 

where P is the Fock vacuum. Then {|N) | N G Nq } is a CONS of 53. 

Definition 6.8 A standard self-dual cone in 53 is defined by 

ip = V’nIN), V’n > o VN g Nq > ■ ( 6 . 24 ) 

nsn£- ) 

53+ was introduced by Frohlich Q51, see also [46] . <0 

Remark 6.9 |N) € 53+ for all N G Ng • O 

The following lemma is useful in this section. 

Lemma 6.10 Let A be a densely defined linear operator on 53. Let Pi be the orthogonal 
projection onto ©„ =0 <8>g i 2 (A). Assume the following: 

(i) |N) € dorn(A) for all NgNq. 

(ii) APgip —>• Ap as t —>• oo for all <p € dorn(A). 

Then the following are equivalent. 

(a) A > 0 w.r.t. 53+. 

(b) (M|A|N) > 0 for all M, N G 
Proof, (a) ==^(b): This is immediate. 

(b) =>■ (a): Let Ai = PiAPi. Then, for all ip G 53+ and ip G dom(A) n 23+, we see 
that 

(ip\A(ip) = ^ </?m V’n (M|A|N) > 0, (6.25) 

where |N| = X/xgA ^ x - Taking i —> oo, we obtain (p\Aip) > 0, which implies Aip > 0 
w.r.t. 5S+. □ 

15 WX\<t>) == MX*)- 


53+ = lip G 53 
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Proposition 6.11 We have a x > 0, a* > 0 w.r.t. 53+ for all x € A. 

Proof. It is not difficult to verify that a x and a* satisfy the assumptions of Lemma fG.lOl 
Moreover, we see that (M|a x |N) > 0 and (M|a*|N) > 0 for all M,N € Ng. Thus, we 
obtain the desired assertion by Lemma 16.101 □ 

Corollary 6.12 For all A € 21, it holds that A > 0 w.r.t. 53+. 

Proposition 6.13 We have e~^ H > 0 w.r.t. *8+ for all /3 > 0. 

Proof. Let Pg be the orthogonal projection defined in Lemma 16.101 Let Hg = PgHPg. 
Since Hg converges to H in the strong resolvent sense as £ —>• oo, it suffices to show 
that 


e l3He > 0 w.r.t. 53+ for all (3 > 0 and £ € N. (6.26) 


To this end, we set 


T = ^2 t xy a* x a y + ^2 A x (a x + a*) + /LV b , U = ^ U x n x (n x - 1). (6.27) 

x,y£ A irGA ieGA 


Let Tg = PgTPg, Up = PfUPg . Then Tg and Ug are bounded for each £ € N. We 
observe that (M|Tg|N) > 0. Thus, by Proposition IA.21 Tg > 0 w.r.t. 53+ holds for all 
£ € N. On the other hand, 


(M|e“^|N) 


exp | - /3Ylx ca n x(N x - 1)|(5 M n if |M| < £ and |N| < £ 

5 M n if |M| > £ or |N| > £ 

(6.28) 


This means (M|e ^|N) > 0. Thus, applying Proposition IA.21 we conclude e > 0 
w.r.t. 53+ for all /3 > 0 and £ € N. Hence, by Proposition IA.51 we conclude e~ l3He l> 0 
w.r.t. 53+ for all j3 > 0 and £ € N. □ 


Corollary 6.14 Let x\,... ,x n € A. For all ffi, ..., ff n € {±} and 0 < si < S 2 < 
■ ■ ■ < s n < j3, we have 




. g ( Sn PHSn)H £> Q 

%n — 


(6.29) 


w.r.t. 53+. 


6.2.1 Completion of proof of Theorem 16.11 

By Corollary 16.121 and Proposition 16.131 we have 


iia^) e 13 h 

j =i 

= e~ sH , A) p-CM-^Qg ... A n e -V- s ^ H >0 w.r.t.53+. 
>0 >o >0 t >0 >0 


Thus, by Proposition I A. 11 we conclude Theorem 16.11 □ 


(6.30) 
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6.3 Proof of Theorems 16.21 and 16.31 


Let © e xt = 55 <8> *B. We introduce a new representation of the CCRs as follows. Let 


sir — y/2, ^ L ^ Clx) ; rj x — \/2 ^ ^ 11 ^ fix') • 


(6.31) 


and r] x act in © ex t and are closable. We denote their closures by the same symbols. 
Then {^ x ,rj x } satisfies the following CCRs: 


— 0; [Vxi Vy] — 0; [£ 20 ???/] — 0) 

G- C,1 ‘\nr [Vx,ri*y\=5 X y, [£x,V* y \ = 0. 

Using £ x and rj x , we can rewrite H as 

Hex t = ~T + U, 


where 


and 


t = E **,(£& + « + ^ E + £) 

x,y£ A ieEA 


u —Urf + V a , 

E T {CMxix + 4 CxCxvlvx + v*xVxv*xVx 

x&A 

- E {\ Ux + v) + V*xVx), 

x£A 

Uo=Ey [CCVxVx + CxCxV*xV: 

xGA 


Let flext = IB ext- For each M, N € Nn , we define 


- 1/2 


im,n» = n m x \n x \ m) M ^n ext . 


, x£A 


xeA 


Clearly, {|M, N)) | M, N € Nq } is a CONS of <B e xt- 
Definition 6.15 We define a self-dual cone in © ex t by 


(6.32) 

(6.33) 


(6.34) 


(6.35) 


(6.36) 


(6.37) 


(6.38) 


© 


ext, 


= 4*6© 


ext 


qj = ®m,n|M,N)), f M ,N > 0 VM,N € NM. 

M,NeN() ) 


0 

(6.39) 


We can prove the following in a manner similar to that used for Proposition 16.111 
Proposition 6.16 We have £jf > 0, rjf > 0 w.r.t. © e xt,+ for all x € A and # £ {±}. 
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Proposition 6.17 Let 


= exp 


- X) ri * xVx 


(6.40) 


Then we have *e D> 0 w.r.t. 03 ex t,+ for all f3 > 0. 


Proof. Let H ex t = ^*H ex . It is important to note that 


W*U & = -U G . 


(6.41) 


Thus, we have 


Hext — ~ K + Urf 


(6.42) 


where K = T + U D . Let Vi be the orthogonal projection onto the closed subspace 
spanned by {|M,N))|M,N € Ng, |M| + |N| < £}. Let H ext j; = V e H ext V e . Since 
H ex t..i converges to H ext in the strong resolvent sense as l —>• oo, it suffices to show that 


exp ( — f3H ex t,e) 0 w.r.t. *B e xt,+ for all (5 > 0 and i € N. (6.43) 


The proof of this is almost parallel to that of Proposition 16.131 For reader’s convenience, 
we provide a sketch of it. Let = VpWPe and U di = VefJdPl- First, we show that 
IQ > 0 w.r.t. 23 ex t,+ f° r all i € N. Next we show that exp ( — /3\Jd,i) !> 0 w.r.t. 03 ex t,+ 
for all j3 > 0 and £ £ N. Then by Proposition IA.51 we conclude (16.431) . □ 

Proposition 6.18 Set at )X = Then we have af,x !> 0 w.r.t. 23 oxti+ for all 

x € A, e € {±1} and # € {—, +}. 

Proof. By Proposition 16.161 we have 



V2£,t>0 w.r.t. OSext^, 
V2rjf > 0 w.r.t. 03 e xt,+- □ 


(6.44) 

(6.45) 


6.3.1 Completion of proofs of Theorems 16.21 and 16.31 

We only prove Theorem 16.31 since Theorem 16.21 is a corollary of it. Let H ext = 
%*H ext %. Then we have 


rn4(^^‘ 



df n T _e w.r.t. 03 ex t, + (6.46) 


by Propositions 16.171 and 16T81 Thus, by Proposition lA.il we obtain Theorem 16.31 □ 
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6.4 Proof of Theorem 16.51 and Corollary 16.61 

If U x = 0, then we have H = —T, where T is given by (16.271) . Thus, instead of 
Proposition 16.171 we have the following: 

Proposition 6.19 We have e~^ Hext > 0 w.r.t. 5S ex t,+ for all fi > 0. 

Note that the unitary operator is unnecessary to prove Proposition 16.191 Hence, 
instead of (|6.46l) . we obtain 


\atf ( Sj ) <g> 11 + £jl <g> atf ( Sj ) 


/3-ffext 


3 = 1 

_ 0 SlHext 


aff g 1 + E\ 1 g aff 


(^2 Sl'jHex.t 


i* n g 1 + e n lg af n 


!>0 w.r.t. 53 ex tj-j-. 


^ (/3 Sn)^ex t 


(6.47) 


This completes the proof of Theorem 16.51 By applying Theorem 12.181 we prove Corol¬ 
lary [OH n 


7 Hubbard model 

7.1 Results 

7.1.1 The finite temperature case 

Let G = (A, E ) be a graph with vertex set A and edge collection E. An edge with 
end-points x and y will be denoted by {x, y}. We assume that { x , x} ^ E for all x € A, 
i.e., any loops are excluded. In this section, we assume the following: 

(G. 1) |A| is even. 

(G. 2) G is bipartite, i.e., A admits a partition into two classes such that every edge has 
its ends in different classes. 

The Hubbard model on G is given by 

H= ^ (~txy)c xa Cy a + U'^^(n x ^ — 2)( n x], ~ 2^' ( 7 - 1 ) 

{x,y}£E frejtd} x&A 

H acts in the Hilbert space Sj = 3 g) 3- 5 is the fermionic Fock space defined by 
3 = ©n>o A"T 2 (A), where A"L 2 (A) is the n-fold antisymmetric tensor product of £ 2 (A) 
with A°£ 2 (A) = C. c X(r is the electron annihilation operator that satisfies the canonical 
anticommutation relations (CARs): 

{c X <71 O x 'a ’} — ^xx'^aa'i {c X ai Cx'cr'} — 0 . ( 7 . 2 ) 

n xa = c* a c xa is the number operator at vertex x € A. t xy € M is the quantum 
mechanical amplitude of an electron hopping from y to x. We assume that 

(T) t xy = t yx ^0 for all {x, y} € E. 
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U is the strength of the Coulomb repulsior0 such that 
(U) U >0. 


Since G is bipartite, A can be divided into two disjoint sets A e and A 0 . We set 
fi{x) = 0 if x G A e , fi(x) = 1 if x G A 0 . For each x G A, define 

6 , = (7.3) 


where 7 ^ = (—ll)^ with N a = 
21 = Conij b*?b*? ■ ■ ■ b# : 


YlxeA n -xo-- Let 

®i) • • • j € A, 1 ,..., G {+, }, nSNj 1 . 


(7.4) 


We use the thermal average associated with the grand canonical Gibbs state at 
inverse temperature /3: 


(X)p = Tr[Xe-P H ] /z p , Ep = Tr[e^ H ]. (7.5) 


For each /3 > 0, we can verify that (n x )p = 1, where n x = n x ^ + n x ±. This means that 
the system at half-filling will be considered. 


Theorem 7.1 (First Griffiths inequality) Let Ai,..., A n G 21. For all 0 < si < 

S 2 < ■ ■ ■ < s n < (3, we have 


(UMs.)) >0, (7.6) 

\ j= 1 / p 

where A(s) = e~ sH Ae sH . 

Example 9 For each aq,..., x n G A, ..., G {+, —} and 0 < si < S 2 < • • • < 
s n < /?, we have 

(bt^si)h*^s n )---h*^{s n )^ > 0, (7.7) 

where frf (s) = e~ sH bfe sH . 

To state the second quantum Griffiths inequality, we introduce the following nota¬ 
tion: 

((Y))p = Tr mS ) [Y e~P Hext ] /-% H ext = H ® 11 + 1 <g> H. (7.8) 

Theorem 7.2 (Second Griffiths inequality) For each x G A, e G {±1},# G {d=}, ex G 
{t, 1} and s > 0, we introduce 

at*-,e( s ) = c ta(s) ® 11 + e 7 ® cf CT (s), (7.9) 

16 All results in this section can be extended to a more general Coulomb interaction of the form 
Y3 X yG A U xy {n x -f — 5 )(n y i — §), where U xy is real and positive semidefinite. 


38 




where 7 = (—1)^® with N e = + N± and cf a (s) = e~ sH c£a e sH . Let 27 ,..., x n G A. 
For each 0 < s± < s 2 < ■ ■ ■ < s n < /3, G {+, —} and £i,...,e n G {±1}, we 

have 


‘ 2 =i ^ 


> 0 


and 


(7.10) 


n (-l)' 4 ^^- (sj)Tf ® 7r«5i;- e ,( s i) 

> 2=1 ^ 


> 0 . 


p 


(7.11) 


Corollary 7.3 Let xi,...,x n G A. For each 0 < s\ < s 2 <■■■< s n < {3 and 
# 1 , • • ■, #n G {+, -}, we have 



bfj ( Sj ) < 8 ) 7t _ 7t ® b'i- 


( s j) 


> 0 . 


(7.12) 


Corollary 7.4 Let x\,...,x 2n G A. For eacd 0 < si < s 2 < ■ ■ ■ < s 2n < f3 and 
#!,•••, # 2 n G {+, -}, we have 


> 2=1 

2 n 


*4* (sj ) <8 7t - 7t ® ^7 (sj) 


12=1 


>(( JJ(-l)^) cJ t (s J ) 7i (8 7 t cf^(s J 0-7;c^(s J )®cJ t (s j )7 t 


> 0 . 


(7.13) 


Example 10 Consider the case where n = 2. We then have 

(“I T {X)+ ^ y) ((cllCxtclfCyl)p ~ (c* xi C xt ) p (c^C yi )^ 

>(_1 )#*(*)+#*(») ((c^c^^c^ + (cstc^yc*^)^ 

>0. (7.14) 

Since (c*^c x -|-)^ = 0 = (<V|'C 2 A j,)^ by the symmetries of the system, we arrive at 

> (_i)K»)+« ( k)< e* t c^.) 4 ,<c7c l 4.) 4 , > 0 - (7-15) 

If x,y G A e or x,y G A 0 , then (—i^M+Mz/) = so that we obtain a standard-type 
correlation inequality. <0 
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Corollary 7.5 Let n x ^ = 11 — n x ^. Let x\,... ,x n £ A. We have 


>< 


n 

i 3 = 1 

n 

n 

i 3 = 1 


<8 H + 1 <8 n Xj .-|-n Xi 4, 
<8 ^ 4 . + n x 4 ® n x . t 


> 0 . 


Example 11 In the case where n = 2, we have 

- (n*tnvr) (n*4.%4.) “ >0-0 


(7.16) 


(7.17) 


Remark 7.6 Our results can be extended to a general class of electron-phonon(or 
photon) Hamiltonians, including the Holstein-Hubbard model and the SSH model. <0 


7.1.2 The zero-temperature case 

Our results can be extended to the case where /3 = oo. Unfortunately, the general 
theorems in Section [3] cannot be directly applied to this model. To clarify the main 
points of modification, we state results without proofs. 

We assume an additional condition. 

(G. 3) G is connected, i.e., any of its vertices are linked by a path in G. 

We consider a half-filled system. Thus, our Hilbert space is restricted to 

€ = ^nker(JV e -|A|). (7.18) 

Let S'!") = l(IV-j- — N±). Since commutes with H, we have the following decompo¬ 
sition: 

|A|/2 

<£= © <£ m , £m = £nker(S (2) - M). (7.19) 

M=— |A|/2 

<Bm is called the M-subspace. For each M £ spec(Sl z l), set Hm = H \ (Bm- The 
following theorem is important. 

Theorem 7.7 [38, [43] For each M £ {—|A|/2, —(|A| — 2)/2,..., |A|/2}, Hm has a 
unique ground state. 

We denote the normalized ground state of Hm by ipM- We define the ground state 
expectation value by 


(X)oo t M = (iI’m\Xi/jm)- 


(7.20) 
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Theorem 7.8 Let A \,..., A n G 21. For all 0 < si < S 2 < • • • < s n , we have 


riv-- 


> 0 . 


\ j= 1 / oo,M 

We introduce the following notation: 


((Y))oo,M = (V'M <8> V’M 


Y^m ® V'M )• 


(7.21) 


(7.22) 


Theorem 7.9 Let xi, ..., x n G A. For each 0 < si < S 2 < ■ ■ ■ < #i, ..., G 

{+, —} and £i,..., £ n G {±1}, we have 


n (- 1 ) /i(x, ' ) «® (»i) 

i J=1 J // oo,M 


> o 


and 


> 0. 


(( II (Sj) 7 t ® 

W j = l j // oo,M 

7.2 Proof of Theorem 17.11 

The hole-particle transformation U is & unitary operator such that 

ZLc st W* = (-l)^c* t , = 04 . 

Let 1L = UHU*. Then we obtain the attractive Hubbard model: 

II — ^ {~Ixy)c xa c ya ~~ Y ^ " ( ra xt — ”2)' 

(a:,2/}eE creftd} z 6 A 

Let c,, be the annihilation operator on J. We note that 

Oarf — c ir 7 ' H, — ( 1 ) ® Cj,, 

where N = YlxeA c * x c x . Then we obtain 

dL = T(g)]l + ll(g)T — [7 — 5 ) 0 (rij; — |), 

xeA 


l t X y)C x Cy. 


(7.23) 


(7.24) 


(7.25) 

(7.26) 

(7.27) 

(7.28) 


where = c*^ and 

T = E (-*- 

{x,j/}eE 

Let $1 be an antilinear involution on J defined by 

^i c xi ■■■ c *x n n = C * X1 ■ ■ ■ c* Xn n, xi,...,x n eA, 
where Ll is the Fock vacuum in 5- By (13.41) . we have the following identification: 

Sj = A? 2 ($). (7.31) 

Moreover, by (13.41) and (17.281) . we obtain the following: 


(7.29) 


(7.30) 
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Proposition 7.10 We have 

H = £(T) + K{T) - U £("* - ~ 3 ). ( 7 - 32 ) 

xGA 

Proposition 7.11 We have the following: 

(i) b x ■= Uh x U* F 0 iu.r. t. «Sf 2 (5')+ /or all x € A. 

(ii) e _/3J 7 >- 0 w.r.t. Jf 2 (S)+ for all f3 > 0. 

Proof, (i) This immediately follows from the identification = £(ca;)7^(c*). 

(ii) By Proposition 17.101 and Corollary IA.91 we obtain (ii) □ 

Corollary 7.12 For all A € 21, we have UAU* F 0 w.r.t. A? 2 ($) + . 

7.2.1 Completion of proof of Theorem 17.11 

By Theorem 13.111 and Corollary 17.121 we obtain Theorem 17.11 □ 

7.3 Proof of Theorem 17.21 


Let ext = f) <8>Sj. Let 


fixer 

— (fixer ® 1 H“ T ® Cxa) 1 fixer — (fixer ® 1 T ® Qc<r) • 

(7.33) 

fixer Q'lld. fixo 

act in 5} ex t as well. These operators satisfy the following CARs: 



{(fixer ? fiyer' } — ^xy^erer' 

? {fixer j fiyer'} 0? 

(7.34) 


{'fixer-) fiyer '} = $xy$erer' 

O 

II 

b 

b 

(7.35) 


CD 

II 

b 

* 

b 

{fixer t fiyer'{ 0* 

(7.36) 

Let {< f>xi 

if x | x € A} be new annihilation operators on X = $ <8> $ such that 



{(t>xA*y} = $xy, 

{^*xj — 0 , 

(7.37) 


{'f’xi Ipy} = $Xl11 

{^xAy} = 0 , 

(7.38) 


{(t>xA*y} = 0 , 

Wxi'f’y} = 0 , 

(7.39) 


and f> x flx = 0 = i/j x Qxi where fix is the Fock vacuum in X. Then we have the following 
identifications: 


0xt = 0x ® 1, <t>x\. = (-1)^ ® <f>x, Vht = = (-1)^ ® 'tfx, (7.40) 

where A7 = a(0x 0® + V£^x)- Let 

W=U®U. (7.41) 

Set 

Axt = Mext^* + ^P|A|. (7.42) 
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Then H ext can be expressed as 



H ex t = T<gll + l(g)T — ¥, 

(7.43) 

where 

T = ^ (-t xy )(4&<l>y + V&M + ¥ A/ "’ 

(7.44) 


{x,y}£E 

V =^r^(A f x®A f x + M x ®M x ), 

(7.45) 


xeA 

■A4 = 4>* x (j) x + iflifx, M x = (f)* x ip x + if* x (j) x . 

(7.46) 

Let be an 

antilinear involution on X defined by 



'd2<t>x'&2 = 4>x, d2i>xd2 = if> x , d 2 ^x = 

(7.47) 

By (13.41). we 

have the identification 



ilext = ^ 2 (X). 

(7.48) 


In addition, we have the following expression: 

Proposition 7.13 We have H ex t = £(T) + TZ(T) — V, where 

V = Y, {£(A r x )K{N x ) + c(M x )n{M x )}. ( 7 . 49 ) 

x£A 

By Corollary IA.91 we obtain the following: 

Corollary 7.14 For all (3 > 0, we have exp(— /3H ex t) >z 0 w.r.t. «5f 2 (X) + . 

The below proposition immediately follows from the definitions (note that ^7 <S> 
m* = 7 ® 1 by (G. 1)). 

Proposition 7.15 We have the following: 

(i) I + 7® cj)^* = y/2C(<t£). 

(ii) ^(-1)M*)( C # 0 1-7® c#)^* = y/2. 

(hi) ^7t ® 7t(cJ ® 1 + 7 ® c# )^* = y/2 

(iv) ^ 7 ^ (gi 7t(cf| <8) 1 - 7 ® 

Corollary 7.16 Tet 

C^a:<x;£ — Qrcr ^ 1 T £"7 ^ Crcr* (7.50) 

For all e € {±1}, if € {±} and x £ A, we have 

Wi-irWa*^ <8> 7t«5, £ ^* >= 0 (7.51) 

w.r.t. Jz? 2 (X ).|_. 
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Proof. By Proposition 17.151 we have 


^(_l)MW a # _ i7t £ 7t a# _ 1 <2T* = 2£(Vf) >= 0 w.r.t. ^ 2 (T)+ , (7.52) 

^(_l)MW a #^ i 7 t 07 tQ; #^i^* = 2 £(Vf) ^0 w.r.t. ^f 2 (X)+ . □ 

(7.53) 


7.3.1 Completion of proof of Theorem 17.21 

Proof of ( | 7 .1 Iff ) 

Let D e ^ tX = (— e 7 -f 0 7 ^-a^ £ . Then we see that by Corollaries 17. 141 and 17.161 




JJ(-l)^)aJ t;£ .(sj)7t ® 


~(3H e xt 


Li=i 

-.e' SlAext WDei , g1 e~ (jS2 ~ Sl) ^ ext , ■ • • De n ,# n .xJ%* e~^~ Sn ^ ex \ y 0 

^0 


>-0 


^0 


^0 


>-0 


w.r.t. Jz? 2 (X) + . Thus, by Theorem 13.101 we obtain (17.101) . □ 

Proof of \7.11\) 

Let J be a unitary operator defined by J2 = 11 ( 8 ) (—11)^. Then we see that 
= /Text, =2a7t,e^ -1 = ^oh, £ ^ _1 = q x7-£- 

Thus, (17.111) follows from (17.101) . □ 


(7.54) 


(7.55) 


7.4 Proof of Corollary 17.31 

Lemma 7.17 Let C XjE = (—I^MqT^ ® 7t a ti~ £ - Set. W = 9/P2. Then we obtain 
WC x , e W~ Y P 0 w.r.t. J^ 2 (X) + . 

Proof. By Corollary 17.161 and (17.551) , we see that 

= WD e , + i^hO w.r.t. Jzf 2 (X)+. □ (7.56) 

Lemma 7.18 For all /3 >0, we have 7 0 w.r.t. Jf 2 (3£) + . 

Proof. Since i?17ext42 _1 = H ext , we see that We~^ Hext W~ 1 = e _/3 ^ ext >7 0 w.r.t. 
Jf 2 (X)+. □ 
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7.4.1 Completion of proof of Corollary 17.31 


By Lemma 17.171 we obtain 

= WA X W- X + e-WB x W~ x >l 0 w.r.t. 2*? 2 (£)+, (7.57) 

where 

A x = £i~ l (b x <g> - 7^. <g> b x )£!, (7.58) 

B x = -(-l) M:r) .^ _1 (c* t 74. ® 7tS4 - 71 ® c* t 7 t )=S. (7.59) 

Thus, we have 

WA X W- X = ^- WC^+W- 1 +\ WC X ,JW- X ^ 0 w.r.t. Jzf 2 (3t)+. (7.60) 

70 70 

Finally, observe that 




g — 0H e xt ■yj/ 


-1 


n<’(> 

L j=l 

= ^7 e -^i^ext^/-i y//A* i yff~ l ^r e _(s2_sl)Hext ir _1 • • • ^ 0 (7 61) 

'---v-7_L 1 _-V-' '-v-' - V ' 

^o 77 ^o ^o 


>-o 


w.r.t. Jt? 2 (X) + . By Theorem 13.101 we conclude Corollary 17.31 □ 


7.5 Proof of Corollary 17.41 

7.5.1 First part of the proof 

Note that 'WB X / W~ x = C X) +W~ x — \WC X -W ~ Y . Combining this with (|7.60|) . we 
have 




n4 ? w 


L j=l 


-(3H ex ty^/ 1 _ 


II b 7( 


lj=i 


-3 //ext. yj/ 


-1 


: E Xs 1 ,...,s n irC Xl , Sl (s 1 ) • • • C Xn , Sn (s n )eP H ^ W~\ 

5i,...,5„e{±} 


(7.62) 


>-o 


where each Xg l! ___ ! s n is a positive constant. Thus, the RHS of (I7.62p >- 0 w.r.t. «5f 2 (3£)_|_. 
By Theorem 13.101 we obtain the first inequality in (17.13|) . 


7.5.2 Second part of the proof 

We will show the second inequality in (17.131) . Let 0 be an antilinear involution on Sj 
such that 

Oc xa O = c xa , QQfi = £1%, (7.63) 

where f 1 % = P ® fb Then by (|3.4I) . we have fj ext = -S7 2 (f}) and 

H ext = C(H) + n(H). (7.64) 

By Corollary I A. 91 we have the following: 
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Proposition 7.19 For all f3 > 0, we have exp (—(3H ext ) 7 0 w.r.t. J£ 2 (S)) + . 

Let S be the unitary operator on S) given by 

= c c 4 , Sc x iS _1 = cxf. (7.65) 

Set & = 1 ® S°i/. Remark that since SHS _1 = H , we know that 

^e-flz/ext^-i = e -/?Rext ^ o w.r.t. ^f 2 (il)+ ( 7 . 66 ) 

by Proposition 17.191 

Proposition 7.20 We have the following: 

(i) T {x) Cx\l± ® l^- 1 = /:(c* t 7t). 

(ii) ^C474. ® ILf -1 = £( 0474 .). 

(iii) ^(-l)M®)l® c rt . 7 t ^- 1 = ^( 7404 ). 

(iv) ® 7t c a=4 .^’ _1 = ^( 74 .^). 

Corollary 7.21 ITe have t/ie following: 

(i) ^(—® 7 -(-c X 4,^ ,_1 7 0 w.r.t. Jt? 2 (fj) + . 

(ii) — l^^Tj.^ < 8 > c*^ 7^ _1 7 0 w.r.t. Jf 2 (Sj) + . 

Proof. By Proposition 17.201 we see that 

^(_l)M(z) c * t 7 j_ ® 7 t c ;) ;^" 1 =£(c xt 74 ,)^( 74 .c* t ) 7 0 w.r.t. ^f 2 (fi)+, (7.67) 

—^(— 1 ) m ^ 7 |Cj;| ( 8 > c^t ^ -1 =C{c xi 'y ]r )K({c x tf ]r )*) 7 0 w.r.t. «Sf 2 (fi) + . (7.68) 

This completes the proof. □ 


Set 


K x = (-1)^ (c* t y; (8) 74-04 - 74.G4 ® c* t 7 t ). (7.69) 

By Corollary 17.211 we know that S^K X S^~ X 7 0 w.r.t. J2f 2 (fj) + . Thus, by (17.6611 . we 
obtain 


-1 


^n(- 1 ) K " ) c Jt( s j)74. ®7tc^(sj) -7icj4(sj)®cj t (sj)7t e 

1=1 ^ 

^e- {s2 ~ Sl)Hext ^- 1 ■ • • 7 0 (7.70) 

"-v- Xl - v -' "-v-" _ V ’ 

^0 yf ^0 >-0 
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w.r.t. J2? 2 (fj) + . Hence, by Theorem 13.101 we obtain the second inequality in (17.1311 . □ 
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7.6 Proof of Corollary 17.51 

Let 


4z,+ = n x ^n x i <g) 1 + 11 ® n^rixi, A x _ = n x ^®n xir + n x]r ®n x ^. (7.71) 

Observe that 

&A Xt+ W* = ^{c{N x )K{N x ) + C{M x )n{M x )}, 

= \[C{M X )TI{M X ) - C{M X )U{M X )]. (7.72) 

Clearly, £(J\f x )lZ(J\f x ) >z 0, C{M. X )1Z(M . X ) >z 0 w.r.t. Jf 2 (X) + . Thus, we have 

n n 

(ri j4 ^’+ n^j r h0 w.r.t. 2 ^ 2 (£)+. (7.73) 

V 7=1 j =i / 

By applying Theorem 13.101 we obtain the first inequality in (17.161) . Proof of the second 
inequality in (17.161) is similar to that of Section 17.5.21 □ 

8 Concluding remarks 

Let ip be a self-dual cone in the Hilbert space Sj. Let Hq and V be self-adjoint operators 
in Sj. For simplicity, we assume that Hq and V are bounded 0 Hq is the free Hamil¬ 
tonian and V is the interaction. The system’s Hamiltonian is given by H = Hq — V. 
Through our studies of the quantum Griffiths inequality, we recognize that the following 
are model-independent properties!^! 

(ip i) e~P H ° > 0 w.r.t. ip for all /3 > 0. 

(ip ii) V > 0 w.r.t. ip. 

(ip ii) is equivalent to — V < 0 w.r.t. ip. Thus, if (ip ii) is satisfied, we say that — V is 
attractive w.r.t. ip. As we have discussed in the previous sections, when we construct 
the Griffiths inequality, it is most important to find a self-dual cone ip such that — V 
becomes attractive w.r.t. ip. In this step, we are faced with the following difficulty: 
in general, there are infinitely many self-dual cones in a single Hilbert space. Let us 
assume that (ip i) and (ip ii) are satisfied by choosing some self-dual cone ip. Now let 
us choose another self-dual cone ip'. Even if (ip i) and (ip ii) are satisfied, we can never 
conclude that (ip' i) and (ip' ii) are fulfilled. Therefore, to apply our theory, we have 
to choose a proper self-dual cone ip such that (ip i) and (ip ii) are satisfied. In other 
words, a suitable choice of a self-dual cone makes the interaction — V attractive. In 
this sense, our theory is a kind of representation theory of attraction. 

We remark upon some additional conclusions from (ip i) and (ip ii). First, we obtain 
the positivity of a ground state. 

17 This assumption can be relaxed (44 1 . 

18 Even when we show the second Griffiths inequality, the properties (i)I i) and (?p ii) are essential for 
our proof. Namely, (Op i) and (T ii) still hold true for the extended Hamiltonian acting in the doubled 
Hilbert space Sj (g>Sj, see Sections EH3 
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Theorem 8.1 [44| Assume (ip i) and (ip ii). Assume that E = inf spec (H) is an 
eigenvalue of H. Then there exists a nonzero vector if € ker(IL — E ) such that if > 0 
w.r.t. *p. Namely, among all the ground states of H, there exists at least one ground 
state that is positive w.r.t. ip. 

Theorem 18.21 claims that the attractive interaction makes the system more stable. 
Theorem 8.2 [33] Assume (ip i) and (ip ii). Let Eq = inf spec(i^o)- Then E < Eq. 

To describe further effects of (ip i) and (ip ii), we define the following: 

Definition 8.3 (i) A vector y E Sj is called strictly positive w.r.t. ip, whenever 

(x\y) > 0 for all x £ ip\{0}. We write this as y > 0 w.r.t. ip. 

(ii) We write A > 0 w.r.t. ip, if Ax > 0 w.r.t. ip for all x £ ip\{0}. In this case, we 
say that A improves the positivity w.r.t. ip. <0 

Theorem 8.4 [T21I33] Assume (ip i) and (ip ii). Assume that e >0 w.r.t. ip for all 
j3 > 0. If E = inf spec (H) is an eigenvalue, then dimker(IL — E) = 1 (equivalently, if 
H has a ground state, then it is unique). Moreover, the unique ground state is strictly 
positive w.r.t. ip. 

Remark 8.5 If we impose additional conditions on V, we can prove E < Eq [33J. <0> 

As a corollary of Theorem 18.41 we obtain information about structure of the ground 
state. 

Corollary 8.6 Let G be a group and let ir be an irreducible representation of G on Sj. 
Assume that ir g t>0 w.r.t. ip for all g £ G. Under the same assumptions as in Theorem 

all g £ G. 

In the theory of strongly correlated electron systems, we can investigate the mag¬ 
netic properties of the ground state by Theorem 18.41 and Corollary EsmaiiasziEsi 
EH SOI S31 S5l SH SEl H9U50U55U56U5Z] - Furthermore, we can find the same structures 
in several areas, e.g., in the quantum field theory [M (23123 S3 SSI S3 ISO , open 
quantum systems EL topological orders [SHE], and the theory of phase transitions 
oaisi o nu na ubi eu Ea esi . These facts indicate that (ip i) and (ip ii) are universal 
expressions of the notion of correlations. If this hypothesis is correct, then several ar¬ 
eas could be described by the same language and a new discovery in some areas would 
automatically influence other areas. To reinforce this vision of unification, we must 
continue to collect evidence. 


8.4 let tp be the ground state of H , i.e., ip £ ker [H — E). Then we have it g p> = for 


A Fundamental properties of operator inequalities asso¬ 
ciated with self-dual cones 

A.l Positivity preserving operators 

In this appendix, we review useful operator inequalities studied in [[35] - 
Let S) be a complex Hilbert space and ip be a self-dual cone in S). 
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Proposition A.l Let {x n } ne N be a CONS of $). Assume that x n E *}3 for all n E N. 
Assume that A > 0 w.r.t. Then we have Tr[A] > 0. 

Proof. Since x n E we see that {x n \Ax n ) > 0 for all n E N. Thus, we arrive at 
Tr[A] = Yl™=i{ x n\Ax n ) > 0. □ 

Proposition A.2 Let N = dimf) E NU {oo}. Let {x n }^ =1 be a CONS of fj. Assume 
that x n € for all n E {1,.... Ajl^l Then the following (i) and (ii) are equivalent. 

(i) A > 0 w.r.t. 'p. 

(ii) A mn — {xrr^Axn) > 0 for all m, n E {1,.. . ,N}. 

Proof, (i) => (ii): Trivial. 

(ii) ==> (i): Let w,z E fp. Then we can write 


N 


W = ^c n x n , c n = {w\x n ), 

(A.l) 

n= 1 


N 


Z = ^ ^ d n X n? d n = (^Z | Xfi'j . 

(A.2) 

n= 1 



Since w, z > 0 w.r.t. <p, we see that c n > 0, d n > 0 for all n E N. Thus, we have 

N 

(w\Az) = 'y ^ CmdnAmn > 0. (A.3) 

m,n= 1 

Since *p is self-dual, we have Az > 0 w.r.t. 'p. Thus, we conclude that A > 0 w.r.t. *p. 
□ 

Proposition A.3 Assume that A > 0 w.r.t. *p. Then e@ A >0 w.r.t. <p for all (3 > 0. 

Proof. Since A > 0 w.r.t. <p, it holds that A n > 0 w.r.t. <p for all n E N. Thus , 

B n 

e? A = — r ^>0 w.r.t. <p for all /3 > 0. □ (A.4) 

n> >0 
>0 

Proposition A.4 Assume that e@ A > 0 and e@ B > 0 w.r.t. <p for all (3 > 0. Then 
e /3(A+B) [> q w r t qj f or all /3 > 0. 

Proof. Note that e^ A e^ B > 0 w.r.t. <p for all (3 > 0. Thus, ( e P A / n e P B / n ') n [> o w.r.t. *p 
for all (3 > 0 and n E N. By the Trottei'-Kato product formula, we obtain the desired 
assertion. □ 


The following proposition is repeatedly used in this study. 
Proposition A.5 Assume the following: 

19 In the case where N = oo, the symbol {1,..., N} denotes N. 
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(i) e@ A > 0 w.r.t. *p for all (3 > 0. 

(ii) B \> 0 w.r.t. ip. 

Then we have ehi A + B ) t> 0 w.r.t. ip for all (3 > 0. 

Proof. By (ii) and Proposition IA.31 it holds that e@ B > 0 w.r.t. ip for all f3 >0. Thus, 
applying Proposition IA.41 we conclude the assertion. □ 

Proposition A.6 Let A be a positive self-adjoint operator. Assume that e~@ A t> 0 
w.r.t. ip for all f3 > 0. Assume that E = inf spec(A) is an eigenvalue of A. Then there 
exists a nonzero vector x £ ker(A — E) such that x > 0 w.r.t. ip. 

Proof. STEP 1. Let J be an antilinear involution given by Proposition IA.7I below. 
Set S)j = {x £ S)\Jx = x}. We will show that ker(A — E) n S)j ^ {0}. 

To see this, let x £ ker(A — E). Then we have the decomposition x = IRx + iQx 
with IRx = |(11 + J)x and Qx = ^(11 — J)x. Clearly , 5br,$Lc £ Sjj. Since x ^ 0, it 
holds that Jhr / 0 or ^sx ^ 0. Since e~^ A > 0 w.r.t. ip for all (3 > 0, A commutes with 
J. Thus, Six, 9 x € ker(A — E) n $)j. 

STEP 2. Take x £ ker(A — E) Hfjj. By Proposition IA.7I (iii), we have a unique 
decomposition x = x + — x_, where x± £ ip and (x + |x_) = 0. Let |x| = x+ + x_. Then 
we have 


e ^ E ||x|| = (x|e ^ A x) < (|x||e ^ A \x\) < e |||x||| . (A.5) 

Thus, |x| £ ker(A — E). Clearly, \x\ > 0 w.r.t. ip. □ 

Proposition A.7 A self-dual cone ip has the following properties: 

(i) <pn(-<p) = {0}. 

(ii) There exists a unique antilinear involution J in S) such that Jx = x for all x £ ip. 

(iii) Each element x £ Sj with Jx = x has a unique decomposition x = x + — X- where 
x+,x_ £ ip and (x_|_|x_) = 0. 

(iv) f) is linearly spanned by ip. 

Proof. See, e.g., [5]. LI 

A.2 Reflection positive operators 

To apply Theorem 13.Ill it is crucial to show that P 0 w.r.t. Jf 2 (Sj)+ for all 

/3 > 0. The following proposition is often useful in proving this condition: 

Proposition A.8 Let Hq be a self-adjoint operator on J£ 2 (S)) bounded from below. 
Let V £ J$(J£ 2 (S))) be self-adjoint. Assume the following: 

(i) e _/3J?0 L: 0 w.r.t. Jz? 2 (f}) + for all (3 > 0. 

(ii) V y 0 w.r.t. Jz? 2 (f))_|_. 
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Let H = Hq — V. We have e y 0 w.r.i J*? 2 (.f)) + for all 0 > 0. 

Proof. Note that 

e pv = y w r t _ sp(sj)+. (A.6) 

■' n! 

n > 0 '^^ ^0 
>0 

Thus, by the Trotter-Kato product formula, we obtain 

e~ fjH = s-^lhn Y 0 w.r.t. Jzf 2 (fj)+ for all 0 > 0, (A.7) 

bo bo 

where s- lim means the strong limit. □ 

71—> OO 

Corollary A.9 Let Hq = C(A) + 77(A), where A is self-adjoint and bounded from 
below. Let 

OO 

V = Y,£{B j )K{B j ), (A.8) 

i= 1 

where Bj € B§{9f) is self-adjoint and the right hand side of hA.£\) is a weak convergent 
sum. Define H = Hq — V. Then we obtain e~ l3H P 0 w.r.t. Jz? 2 (i}) + for all 0 > 0. 

Proof. Observe that e^^ 0 _ jr^ e -hA^^ e -/3A^ y q w Jf 2 (Sj) + for all 0 > 0. Since 
V y 0 w.r.t. Jz? 2 (fj) + , we obtain the desired assertion by Proposition IA.81 □ 


The following lemma will be often useful: 

Lemma A.10 Let Aj, j = 1,. .., N be a bounded operator acting inSj. Let M = (M t j) 
be a positive semidefinite N x N matrix. Then we have 

N 

Y Mi j £(A*)TZ(A j ) y 0 w.r.t. £ >2 {Sj)+. (A.9) 

0=1 

Proof. There exists a unitary matrix U such that M = U*DU, where D = diag(Aj) is 
a diagonal matrix with A j > 0. Set Ai = Ylf=i UijAj. Then we see 

N 

LHS of dMD = ^A j £(A*)77(i i ) y 0 w.r.t. ^ 2 {P>)+. (A.10) 

j = 1 

This completes the proof. □ 
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